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Preface 


Let  G  be  a  topological  transformation  group  on  a 
compact  Hausdorff  space  Y  and  F(G;Y)  its  fixed  point 
set.  The  present  paper  is  devoted  to  the  study  of  the 
cohomology  structure  of  F(G;Y)  in  the  following  three 

cases: 

(1)  G  is  the  group  Z2  of  integers  modulo  2 
and  Y  has  the  mod  2  cohomology  ring  of  the 
real  projective  n*space. 

(2)  G  is  the  group  Zp  of  integers  modulo  p,  where 
p  is  an  odd  prime  number,  and  Y  has  the  mod 

p  cohomology  structure  of  the  lense 
(2n'^l) -space  mod  p. 

(3)  G  is  the  circle  group  S'  and  Y  has  the 
integral  cohomology  ring  of  the  complex 
projective  n-space. 

For  sio^licity,  we  shall  call  Y  a  cohomology  real 
projective  n-space  or  a  cohomology  lense  (2n^l) -space 
mod  p  or  a  cohomology  complex  projective  n-space  if  its 
cohomology  structure  is  that  described  in  (1)  or  (2) 
or  (3).  (Formal  definitions  of  these  notions  will  be 
given  later.) 

Our  study  of  the  problem  proposed  above  is 
motivated  by  two  recent  theorems  obtained  separably 
by  P.A.  Smith  and  C.T.  Yang.  In  (16),  Smith  proved 


that  If  Z2  acts  effectively  on  the  real  projective 
n- space,  then  the  fixed  point  set  is  either  empty,  or 
it  has  exactly  tvo  components  cj^  and  C2,  vihere  each 
cj^  is  a  cohomology  real  projective  nj^-space,  i  ■  1,2, 
and  ni  -t-  n2  "  n-1.  Later  in  an  unpublished  work, 

Yang  proved  that  if  S'  acts  dif ferentiablv  on  the 
complex  projective  n-space,  then  the  fixed  point  set  is 
non-empty,  and  has  at  most  n^l  components,  say  Cj^,..., 
c^,  k  ^  ntl,  where  every  c^  is  a  cohomology  complex 
projective  n^-space,  i  *  1,2,...,  k,  and  n^  **’  n2  ... 
>n}(  *  n-k-^1.  Thus  roughly  speaking,  their  theorems 
start  from  the  actual  projective  space,  a  real  one  in 
Smith's  case  and  a  complex  one  in  Yang's  case,  and  end 
up  with  asserting  that  the  fixed  point  set  is  an  union 
of  a  finite  number  of  cohomology  projective  spaces. 
Naturally,  as  suggested  by  Smith,  one  would  inquire 
what  is  the  situation  %dien;*  in  their  hypothesis,  the 
actual  projective  spaces  are  replaced  by  the  weaker 
notion  of  cohomology  projective  spaces.  This  is 
precisely  the  cases  (1)  and  (3).  Our  main  purpose  is  to 
show  that,  under  the  sore  general  setting  of  (1)  and  (3), 
essentially  the  same  conclusions  obtained  by  Smith 
and  Yang  still  hold  true.  We  also  include  a  study  of 
case  (2),  which  is  the  natural  counterpart  of  case  (1) 
when  p  is  odd. 


The  key  point  for  Che  proofs  of  Smith's  end 
Yang's  theorems  Is  to  make  use  of  the  close  relation 
between  Che  projective  spaces  and  the  spheres.  There 
exists  a  free  action  of  Z2  on  the  n-sphere  S"  with  the 
real  projective  n-space  RF**  as  the  orbit  space. 
Similarly,  there  exists  a  canonical  free  action  of 

2n+l 

s'  on  the  (2n^l) -sphere  S  with  Che  complex 
projective  n-space  as  the  orbit  space.  Thus 
RF^  can  be  viewed  as  Che  base  space  In  a  principal 
bundle  (S'^,RF<^,  Z2,  tr  )  and  CF*^  as  the  base  space  In 
a  principal  bundle  CP^,  S',  TT  ) ,  where  In  each 

case  denotes  the  projection  from  the  total  space  to 
Che  base  space.  Now  if  RF*^  Is  acted  on  by  a  group  Z2» 
It  Is  possible  to  lift  this  action  to  S*'  In  the  sense 
chat  an  action  of  Z2  on  S"  can  be  defined  so  that  the 
projection  ft  :  S^  — ^  RP**  becomes  equlvarlant.  This 
is  so  because  S"  Is  the  space  of  all  paths  of  RP*^; 
hence  any  map  of  RP'^  Into  Itself  Induces  a  map  of  Che 
space  of  all  paths  Into  Itself  In  a  natural  fashion. 
Similarly,  If  S'  acts  on  CP"  dlfferentlably,  a  lifting 
can  also  be  constructed  through  analytic  means.  In 
both  cases,  the  Idea  is  to  shift  the  given  action  to 
an  action  on  spheres.  Once  this  Is  done,  the  theorems 
can  be  proved  via  a  theorem  of  A,  Bor el  (1).  It  Is 
then  clear  from  what  has  been  said  that  our  problem  can 
be  solved  along  the  same  line  of  thought  If  we  can  do 


the  follovlng:  First,  to  exhibit  that  cohomology 
projective  spaces  are  covered  by  cohomology  spheres 
as  in  the  actual  case;  second,  to  show  that  this  relation 
permits  one  to  lift  an  action  (of  a  suitable  group) 
on  the  former  to  an  action  on  the  latter. 

Our  paper  is  divided  into  two  parts.  In  Part  1,  we 
treat  the  cases  (1)  and  (2)  where  the  acting  group  is  a 
finite  cyclic  group  of  prime  order.  In  part  2,  we 
treat  the  case  (3)  where  the  acting  group  is  the  circle 
group.  The  schemes  of  development  of  these  two  parts 
are  entirely  parallel  to  each  other  and  the  division  is 
made  chiefly  because  of  some  technical  differences  between 
handling  a  finite  and  an  infinite  group.  Each  part 
begins  with  a  preliminary  section  in  which  known  results 
needed  later  and  the  likes  are  collected.  In  Section 
2  we  first  prove  that  if  Zp  acts  freely  on  a  cohomology 
sphere  mod  p,  then  the  orbit  space  is  a  cohomology 
real  projective  space  or  a  cohomology  lense  space 
mod  p  according  to  whether  p  is  even  or  odd.  This 
is,  of  course,  more  or  less  well-known.  Much  more 
interesting  is  the  fact  that  the  converse  is  also  true; 
that  is,  if  Zp  acts  freely  on  a  connected  compact 
Hausdorff  space  X  such  that  the  orbit  space  X/Zp  is  a 
cohomology  real  projective  space  or  a  cohomology  lense 
space  mod  p,  then  X  itself  must  be  a  cohomology  sphere 
mod  p.  Similar  results  for  the  circle  group  are  obtained 


in  Section  6.  These  may  be  termed  as  the  uniqueness 
theorems  which  assert  that  cohomology  spheres  are 
essentially  the  only  spaces  on  which  Zp  or  S'  can 
act  freely  to  give  a  cohomology  projective  space  as 
the  orbit  space.  The  existence  problem  (l.e.  to  see 
if  every  cohomology  projective  space  can  actually  be 
obtained  as  the  orbit  space  of  a  suitable  transformation 
group  on  a  cohomology  sphere.)  is  studied  in  Section 
3  and  Section  7.  In  Section  3,  we  start  from  a  connected 
compact  Hausdorff  space  Y  and  then  describe  how,  for 
each  non-zero  element  «reH'(Y;Zp),  a  principal  bundle 
(X,Y,Zp,  Tf  )  can  be  constructed  for  which  TY*: 

H'CYjZp)  ._^H'(X;Zp)  takes  at  into  zero.  Owing  to 
this  last  property,  we  call  X  a  cohomology  covering 
space  of  Y  with  respect  to  ei .  In  fact,  it  is 
constructed  the  same  way  as  the  classical  covering 
space.  This  construction  also  takes  care  of  the  lifting 
problem  automatically.  Similarly,  in  Section  7,  we 
assume  that  Y  is  just  compact  Hausdorff  and  prove, 
for  each  element  Bq  of  the  integral  cohomology  group 
H^(Y),  zero  or  not,  the  existence  of  a  principal  bundle 
(X,Y,S',it)  such  that  IT*;  h2(Y)  — >  h2(X)  takes  a^ 
into  zero.  Unlike  the  previous  case,  this  bundle  is 
now  obtained  indirectly  with  the  aid  of  the  obstruction 
theory.  Simple  as  this  procedure  is,  the  lack  of  an 


explicit  construction  nakes  the  lifting  problem  quite 
difficult.  Fortunately  this  difficulty  can  be  overcome 
by  a  recent  result  of  T.E.  Stewart  (19)  concerning 
problems  of  this  nature.  Section  4  and  Section  8  contain 
the  proofs  of  the  main  theorems  of  this  paper. 

The  author  of  this  paper  expresses  his  gratitude 
to  Professor  C.T.  Yang,  under  whose  supervision  this 
paper  Is  written.  The  author  also  acknowledges  with 
pleasure  his  appreciation  of  the  many  Inspiring 
communications  made  to  him  by  Mr.  W.C.  Hsiang  and 
Mr.  S.S.  Koh. 
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Section  1*  Frelliulnarles  of  Part  1 

In  this  section  we  oolleot  some  algebraic  and  topolog¬ 
ical  facts  that  will  be  used  later*  Most  of  them  are 
well-known*  Hence  proofs  will  be  omlttedf  although  ref¬ 
erences  will  be  given  In  each  case* 

1*  1*  Let  G  be  any  finite  group  and  A  an  Abelian  group 
on  which  G  operates  as  a  group  of  automorphisms*  Then  the 

■.>r> 

functor  H*(G;  A)  ■  21  Hr(G;A)»  called  the  cohomology  of 

Jtj  0  * 

G  with  coefficients  In  A^  can  be  defined*  Me  shall  be  con¬ 
cerned  only  with  the  case  when  G  Is  the  group  Zip  of  In¬ 
tegers  modulo  a  prime  number  p*  In  this  cases  the  groups 
^  (Zp  :A)  can  be  caloulated  explicitly  as 

j  A®  If  s  •  0; 

H®  (Zp;A)  m  '  aVjtA  If  s  ■  2  it  n  0; 

(  If  s  ■  2n  1,  n  0, 

where  T  Is  a  generator  of  Zp,  T  •  1  -  T,  o"  * 

m  •  c»0 

A  «EerT  and  (tA  •  Kerf*  If,  In  particular,  A  a  Zp, 
then  Zp  can  operate  only  trivially  on  It  and  the  above 
formula  will  give  H®(Zp;  Zp)  ■  Zp  for  all  s^O.  More- 

iii 

over,  there  exists  a  product  on  H  {Zp;Zp)  which  makes  It 
a  ring*  This  ring  can  be  described  as  follows:  If  p  «  2, 
we  have 

H  (Zg;  Zg)  ■  Zg  [3^  ,  , 

where  Is  the  polynomial  ring  with  coefficients  In 


]ll 

Z8«  The  gradlns  of  H  (Zg;  2t^)  Is  obtclned  by  assigning 
(  as  the  degree  of  x  (abbreviated  deg  x)«  If  S»  the 
situation  is  a  little  more  oomplioatedo  In  this  case  we 
have 

H*  (Zp;  Zp)  «  AW.pvZp  {x\, 
where  ^ [a]  is  the  exterior  algebra  generated  by  a  with 
ooeffioients  in  Zp  and  Zpfz]  is  the  polynomial  ring  with 
ooeffioients  in  Zp«  The  grading  of  H  (Zp;  Z-)  is  obtained 
by  assigning  deg  a  •  1  and  deg  z  s  2  \'5  ;  Chap.  XUj. 

1«  2«  In  the  ring  H  (Zp;  Zp)»  P^S,  we  shall  need 
another  oohomology  operation  beside  the  produot,  namely 
the  Booksteln  operator  •  This  is  the  ooboundary 
^  :  H®  (Zp;  Zp)  (Zp;  Zp) 

assoolated  with  the  exaot  sequence  of  ooeffisient  groups 
0  Zp  — ►  Zp2  —  >  Zp  — ♦  0« 

is  an  isomorphism  if  t  is  odd»  and  is  trivial  if  s  is 
even  and  s  ^0«  In  particular,  we  may  choose  a,  and  x 
such  that  (a)  s  x« 

Suppose  that  is  a  vector  space  over  the  field  2ip, 
that  the  group  Zp  operates  on  A  as  a  group  of  linear  auto¬ 
morphisms  and  that  rr  is  trivial* 

T 

1.  3.  Lemma*  If  A  -  0,  then  h  b  0* 

f»roof  •  For  any  c-x  \  we  hove 

0  «  T  ic/o  s  TP-l(cy  )  .  )). 

Since  4?  m  Of  it  follows  that  T^’^(oi')«  0*  Repeating 
this  argument,  we  have  *0,  •••» 


3 


1>>4«  dim  ^  (dimension  of  I^)  si,  then 

dim  i»  ^  p-l« 

Proof*  The  sequence 
T 

0-4A  — »A  -4rA  -♦0 

Is  exeot  end  henoe  splits  since  A  is  e  vector  spsoe* 

Choose  0  such  that  A  «  Zp  ^  If  0(  <  A  Is  any 
element  of  A«  there  exist  €r  2p  and  €  A  such  that 
(1)  «<■ 

Similarly  there  exists  (  Zp  and  ^  ^  ^  ^ 

(2)  9.  »  n,  •<,  4. 

Substituting  (2)  In  (1),  we  obtain 

(3)  «  «  T»o  OC,  ♦ 

Repeating  this  argument,  we  can  find  %  |1>, 

*«nA  ^f-t  ^ 

The  last  term  in  the  right-hand  side  of  (4)  vanishes  be¬ 
cause  Xt^*'a  <ra  0  by  assumption*  Hence  (4)  reduces  to 

As  tk  Is  arbitrary,  this  means  that  the  set  {^^w^T'**,*** 

Is  a  set  of  generators  of  A,  which  proves  the 

lemma* 

Suppose  that  X  is  a  cojqpact  Hausdorff  space  and  that  G 
acts  on  X  as  a  transformation  group*  Wb  denote  the  orbit 
space  by  ^/G  and  the  canonical  projection  by  w  ;  T-f  ^^G* 

]|l 

Let  H  (X;L)  bo  the  Alexander-lVallace-Spanier  cohomology 


4 


of  X  with  ooeff lolent  In  a  certain  group  L«  Then  G  also 

e 

operates  on  H  (X;L)  as  a  group  of  automorphisms  so  that 

H*{G;  H*(X;L))  would  make  sense*  Let  H*(X;L)®  be  the  sub- 

♦ 

gfoup  of  Invariant  elements  of  H  {X;L)f  l«e* 

H*(X;L)®  a  \  g*  M  a  CX  for  all  r  t  0  • 

In  oaae  G  «  Zp,  this  subgroup  will  be  denoted  by  H^CX;!)^** 
where  T  Is  a  generator  of  Zp*  The  following  well-known 
theorem  of  the  Lerey-Certen  speotral  sequence  is  the  main 
tool  that  will  be  used  In  Pert  1  of  this  paper* 

1.5.  Proposition*  If  a  finite  group  G  aots  freely 
on  a  o^juga^  Ha<|iadorff  spaoe  X$  then  there  exists  b 
speotral  sequence  (E^)  whose  Eg  -  term  jj.  given 
B  z  H®(G;  (X;L))  , 

and  whose  B  j,  -  term  Is  assoc le ted  with  H*(^/G;L)  •  More' 
over,  we  have  the  following  nnfripntatlve  diagram; 

rf'(VG;L)  -2-f  H^(X;L) 

A  h 

Where  the  canonical  "edge  homomorphism"  ^5  ;  P* 

and  1  jtS  Inclusion* 

A  proof  can  be  foundi  fur  Instenoe^  in  [3j  . 

1*  6*  Besides  the  Leray-Certan  spectral  sequence,  we 
shall  also  occasionally  make  use  of  the  smith  special  co¬ 
homology  theory*  Following  ^ll*  a  modern  version  of  this 


3323, 
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thoory  oan  be  described  briefly  as  follows. 

Let  Zp  act  freely  on  X.  Consider  the  Leray  sheaf  A 
associated  with  the  canonical  projection  :  X*^  X/Zp.  This 
is  a  sheaf  over  X/Zp  whose  stalk  on  each  y^  X/Zp  is  given  by 
H  ( "^  (y)  )  ■  ( IT  (y)  ) ,  where  Zp  is  used  as  the  co¬ 

efficient  group.  Now  the  group  Zp  operates  on  A  as  a  group 
of  sheaf  automorphisms  so  that  we  can  consider  the  endo- 
morphisms  t  .l-T  and  C*  r*  of  A,  where  T  is  a  generator 
of  Zp.  Following  usual  convention,  if  one  of  them  is  de¬ 
noted  by  p,  the  other  will  be  denoted  by  ^ .  The  cohomology 
groups  (X/Zn;  p  A)  a  H?  (X/Zp;f  of  X/Zp  with 

coefficients  in  the  sheaf  of  ^  A  are  called  the  Smith  ape olal 
cohomology  groups  which  we  will  denote  simply  by  H  (f  )• 

It  can  be  shown  that 

0  - -  p  A  A  f  A  — »  0 

form  an  exact  sequence  of  sheaves  where  is  the  inclusion 
and  that  H*  (X/Zp;  A)  oan  bo  identified  canonically  with 
H  (X) •  There  is  therefore  an  exact  sequence  ^ 

...  (f  )  (X)  -£^»H®  (p  ) -^H®"‘^(p  )  it#... 

of  cohomology  groups  which  is  known  as  the  ^ai^  sequence. 
Moreover,  H®  (^)  oan  bo  identified  canonically  with  H  (X/Zp) 
and  this  identification  carries  1^:  H®  (nr)-«»H®(X)  over  to 
ir^:  H  ®  (X/Zp)  — >H®(X).  Wo  have  therefore  two  exact 
sequences. 

...  (X/Zp)  :i^H®(X)5iH®(t)  J^H®^^(X/Zp)  ii... 
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end 


...  HS  (t)  i  HS  (X)  ^HS{X/Zp)  ip  h8^1(T)  li  ... 
finally,  it  la  not  difficult  to  see  that 
I  ®  T  ■  i-T  and 

^  0  0  0"'  ifc  ‘ 

1»  «  «•  =  z  T* 

[n  |xC 

1  ;  pp.  40-42J. 

Wo  call  a  compact  Hausdorff  space  X  ..  cohomology 
n-sphore  over  L  if  its  cohomology  H*(X;  L)  is  tho  aamo  as 
that  of  tho  n-sphore,  i.e. 


H®  (X;  L)  ■ 


l: 


L  if  s  ■  0,  n; 


0  othorv;lse  • 

Wo  agree  that  tho  empty  sot  is  regarded  as  a  cohomology 
(-1)  -  sphere  ovor  L.  A  cohomology  n-sphoro  over  Zp  will 
also  be  called  a  cohomology  n-sphere  mod  p  and  a  cohomology 
n-sphero  ovor  the  group  of  integers  Z  will  also  bo  called 
an  integral  cohomology  n-sphero. 

1.  7.  Proposition.  Jf  X  is  ^  cohomology  n-sphere  mod  p 
on  which  tho  group  Zp  acts,  then  the  fixed  point  set  F  (Zp;X) 
is  £  cohomology  r-sphei  <  mod  p  for  some  -1  $r  1  n.  Moreover, 
n-r  is,  even  if  p  JLs  odd. 

This  is  a  well-lcnown  Pheorom  of  P.  A.  Smith,  originally 
formulated  in  terms  of  homology  under  tno  assumption  that  X 
has  finite  Lobosguo  covering  dimension  |]l73  •  It  was  sub¬ 
sequently  shown  by  L.  Mann  ,  also  in  terms  of  homology, 

that  tho  dimensionality  condition  can  bo  romovod.  The  above 
version  is  just  tho  dual  form  of  Mann's  result. 
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!•  •,vo  shall  nood  one  more  theorom  oonoorning 

the  action  of  Zp  x  Zp  on  a  cohomology  n-sphore  mod  Pi  X* 

The  fixed  point  sot  F  (Zp  x  Zp;  X)  is  of  course  still  a 
cohomology  sphere  mod  Pf  say  of  dimension  r.  Besides^ 

Zp  X  Zp  contains  p-1  non-trivia i  cyclic  groups  N^,  i«0,  l,*..,p* 
BF  1.7  each  r(N^;X)  is  a  cohomology  ni-sphere  mod  p  for 
s ome  n^ i  IsO fl|*..|P* 

1.  9,  Proposition.  Lot  Zp  x  Zp  act  on  a  cohomology 
n«aphere  mod  p,  X.  liot  N^,  n^,  1b0,1, •••  ,p  and  r  be  as  in 
1.8.  Then 

p 

z.  (nj,-r)  «  n-r. 

4  »  O 

Ti^is  proposition  can  bo  found  in  p«  175^  where  X  is 
aasumod  to  havo  finite  cohomology  dimension  over  Zp.  Again 
this  condition  can  be  removed.  Indeedi  the  finite  dimension¬ 
ality  condition  is  used  only  to  assure  that  H*(F(Zp  x  Zp;X);Zp)* 
H  *(X/Zp  X  Zp;  Zp),  H*  (F  (Ni;  X);  Zp)  and  H*(X/Bi;  Zp), 

1«0,  l,...,p,  have  finite  dimensions  v;hun  H  (X;  Zp)  does. 

By  Mann's  result  ^14;^  ,  this  is  true  without  such 
restriction. 
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S^otloii  2*  Cohomology  ro&l  projootlve  spaces  and  oohomology 
lense  spaces* 

Throughout  this  seotlon*  X  Is  e  oompaot  Heusdorff  space 
on  which  Zp  acts  freely*  Cohomology  always  has  2^  as  the 
ooefflolent  group*  We  shall  distinguish  the  oase  p  s  S  from 
other  primes;  so  we  shall  write  out  the  coefficient  group 
In  the  oohomology  for  this  particular  case  and  H  (X)  will 
denote  H  (X;Zp)  only  when  p  ^  B, 

2*  1*  Definition.  A  compact  Hausdorff  space  Y  is  said  to 
be  a  cohomolofty  real  oro-lootlvo  n-spaco  If  the  cohomology 
ring  h’''(Y;Z2)  la  given  by 

K*{Y;Zz)  m  Z2  [.xj  /  deg  x  •  1, 

whore  2^2  la  the  polynomial  ring  with  coefficients  In  Z2 
and  {x^*^  Is  the  Ideal  generated  by  x^*^. 

2*  2*  Definition*  A  compact  Hausdorff  space  Y  Is  said 
to  be  a  cohomology  lense  (2n»l) -space  mod  p  if  the  cohomol- 
ogy  ring  H  (Y)  is  given  by 

H*(Y)  «  A  [a)0  Zp^xyCx^*"^),  deg  a  «  1,  deg  x  =  2, 
and  if  ^  (a)  «  X  whore  Is  the  Bookstoln  coboundary 
(Y)  I#i(Y)* 

Notice  that  the  anti-podal  nap  (a  map  in  this  papor  Is 
always  meant  to  to  a  continuous  one)  on  the  n-sphere  S®  defines 
a  free  acLlon  of  Z2  on  for  which  the  orbit  space  is  the 
real  projective  n-spaco  whoso  mod  2  cohomology  is  exactly 
glvon  by  2*1*  Similarly,  if  we  lot 

s2n  1  ^  V(zo,  **•  »  Zn)  I  3L  (zip  s  1»  Zi  complex  numbers?, 
^  i«o 
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then  the  map 

gSn+l^  gEn*-l 

(zo»  •••  t  Zjii)  — ♦>  {zqO^  •••  *  P  2 

dofiiioa  a  free  action  of  Zp  on  for  which  the  orbij 

space  is  the  lense  (2n«-l) -space  mod  p  [15]  whose  mod  p 
cohomology  is  exactly  givon  by  2*2*  These  motivote  the 
definitions  just  givon.  More  generally,  wo  have  the  following 
2.  3.  Proposition.  If  p  ^  2  and  X  £  cohomology  (2n-»-l)- 
sphere  mod  p,  then  X/Zp  ^  a  cohomology  louse  (2n»l) -space 
mod  p. 

Proof.  We  observe  first  that 

H®  (X/Zp)  •  0  for  all  s>2n*-l. 

This  follows  from  ^14;  ]• 

Consider  now  the  Loray-Cartan  spectral  eoquence  (Sr)  of 


1.5.  As 

E®2^.  H®(Zp;  H^(X))  X  0  for  all  t  ^  0,  2n*>l, 
there  exists  an  exact  sc'^uenco 

•where  is  the  canonical  edge  homomorphism  ^5;  p.  326 
This  gives  immediately  that 

-•  H3(X/Zp) 

is  an  isomorphism  for  all  0Ss$2n.  For  s  s  En^-l,  we  have 


the  exact  sequence 

cn*-!  f  *’ 


— ^  H^“^^(X/Zp)bO. 

™0,2n»l  -.0,2n^l  „2n*2,0 

Since  E  *  2  «  E  g  a^p*  *  2  *  2  must 
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iiQoosscrily  be  an  Isoinorphlsn.  Henoa  is  also  an 

isomorphism*  The  desirod  cohomology  struoturo  of  X/Zp  thon 
follows  from  1*2* 

In  exactly  the  same  wayi  one  can  prove 

2,  4.  Proposition*  If  p  ■  2  and  X  is  a  cohomology 
n-sphere  mod  2,  then  X/Zs  is  a,  cohomology  real  pro.lectlve 
n-spaco. 

The  main  purpose  of  the  present  section  is  to  prove  the 
converses  of  the  preceding  two  propositions. 

2.  5,  Theorem.  If  p  2,  X  is  connected  and  X/Zp  is  £ 
cohomology  lonse  (2n+l)  -Snaco  mod  p,  then  X  is  ^  cohomology 
(2n ♦I) -sphere  mod  p. 

Proof.  In  the  Lcray-Cartan  spectral  sequence  (Er)  of  1.5 j 
wo  first  claim 

(1)  H®(X/Zp)  is  an  isomorphism  for  all 

1  $  s  <  2n4l* 

f2)  TT*  :  H®(X/Zp)  ifU)  is  trivial  for  all  s?l* 

There  exists  on  exact  sequence  of  lower  teriLs 

(3)  0  ^  H^(X/Zp)  %  eV  ^  H^(X/2p) 

^5;  P,  32^*  If  n  s  0,  (1)  and  (2)  follow  directly  from  the 
emaotness  of  (3).  Suppose  that  n  ^0.  Since  X  is  connoctedf 

2p'- 

Let  a  i  E  2  bo  a  generator  of  a*  ■  ♦(a)  is  a  generator 

of  H^(X/Zp)  f  since  ^  must  necessarily  bo  aii  isomorphism. 
According  to  1.2,  x  ■  ^  (a)  is  a  gonorptor  of  E  ^^and  in 
view  of  definition  2.2  and  the  assumption  that  n?0, 
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4^(x)  z^^op'ia)  B  ('o^|(a)  S^(a^)  ^0, 

It  follows  that  is  also  an  Isomorphism*  Since  a  and  x 
generate  the  ring  H  (Zp;  Z^) ,  (1)  is  proved*  From  the  exact¬ 
ness  of  {Z)t  we  havo 

(e)\.  0 

so  that 

Since  <^.  (a)  and  4>.  (z)  generate  the  ring  H  (X/Zp) ,  (2) 

is  proved. 

Let  us  drew  some  conclusions  from  (1)  and  (2).  By  (2) 
end  1*6 y  wo  see  that 

(4)  3E  t’  :  H®(X)  -4ir{X)  is  trivial  for  all  s>l, 

c*0 

]|i 

whore,  as  wo  recall,  T  denotes  a  generator  of  Zp  and  T  : 
i?(X)*^HP(X)  is  tho  homomorphism  induced  by  T,  From  (1), 
wo  deduce  that  •  E®’®  for  all  l$-sS2ntl,  This  implies 

that  none  of  E®f®,  lSsi2ntl,  r?.2,  can  havo  any  non-zero 
cobounding  element*  Honce 

(5)  dg^i;  E°;J  —►  is  trivial  for  all  llsi2nU* 

Moreover,  slnco 

dim  H®(X/Zp)  • 
and,  bj^  (1), 

H?(X/Zp)  -  Im  E^°,  ls  sl2m-l 
it  follows  that 

(6)  E^®  «  0  for  all  15  si  2n»l, 

We  now  procood  to  prove  by  induction  that 
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(7)  HS(2)  •  0  for  all  li^8C2n+l. 

For  n  ■  0,  therj  Is  nothing  to  prove*  Therefore  we  assume  hero 
that  n>0*  By  (1)  and  the  exactness  of  (3))  wo  have  H  0* 

By  1.1  and  1*5,  this  means  ■  0  so  that  by  (4)  and  lemma 

1.3  wo  havo  H^(X)  ■  0.  Suppose  it  has  been  proved  that  H^(X)  aO 


for  all  lSl<s<2n+-l*  Consider  the  differentials 


dr:  S'- 


r,  s-r*l 

i!<r  • 


Clearly  dp  ■  0  for  all  r  >  S4l*  If  l<r  cs^l*  then  l<s-r^l<s* 


By  induction  hypothesis  wo  have 

.  lf{Zp;  H«-^^1(X))  -  0 

So  that  »  0.  Hence  dp:  -♦  is  trivial 

for  all  ri2  and  r  ^  s-H.  But  dg^i:  Bgil 
trivial  by  (5),  Wo  can  therefore  conclude  that  dj*;  — ♦ 

jT^s-m  trivial  for  all  r5  2,  or  equivalently  that 
a  E^*®  ■  E®*®.  By  1.1,  1.5  and  (o),  this  gives 
H®(X)^*  a  E®»®  •  B^^®  s  0. 

Hence  again  by  (4)  and  lemma  1*3,  v»  conclude  that  H®(X)  ■  0. 
Next,  we  take  up  the  case  when  s  ■  En+l*  Again  we  consider 


tne  differentials. 

dpi  Er,2n.E-r. 

With  ths  aid  of  (7),  which  haa  Just  baau  provod,  It  is  easily 
seen  that  dy:  gr,2a-*2-r  trivial  for  all  r?  2  and 

r  4  2n*2.  We  have  therefore  and  r  S®»2a^l  ^  o, 

where  the  lest  equality  holds  because  of  (6).  But  by  def¬ 
inition,  .  Kor  (E°i5n?2^  2^2n?^°)  ®°  '^2n%2* 

®°5nt2^  E^2n^°  ®  monoiuorphism.  Similarly  consider  the 


0 
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difforontiols 

B2nt8.r,P-l  i^nja.O 

Again  it  is  easily  seen,  with  the  help  of  (?)»  that  dp  is 

trivial  for  all  r  5  2  and  r  4  2n-«‘2,  We  have  therefore 

T,2n^2,0  _2n^2.0  ,2n‘*-2,0  „2nf2,0  ^  ti2n^2/../„  v  „ 

*2  ■  ®  2nt-2  *  2n+3  ■  ^  ^  'VZpJ  s  0, 

But  by  definition, 

2n-**2,0  ,2n+2.0/  -  /u-OtSn+l  «2n>2,0. 

®  2nt3  ■  ®  2n+2  /  I*  )» 

it  follows  that  d2ii*-2*  ®^2n^2^  epimorphism 

and  hence  an  Isomorphism,  since  it  is  already  known  to  be  a 

monomorphism.  Wo  have  thus  proved  that  s  * 

^n42.0  -2n*2,0  ™ 

^  2n^2  2*2  “  ^P* 

By  (4)  and  lemma  1.4,  v;e  deduce  that 
dim  (X) S  p-1. 

Of  course  this  does  not  determine  (X)  couple tely  yet. 

We  shall  come  back  to  it  after  determining  II® (X)  for  s>  n^l. 
Now  we  claim  that  H®(X)  •  0  for  all  s>2n4-l.  Using  tne  Smith 
sequence  of  1.6  we  have,  for  8>2Yl^l,  the  exact  sequences 
0  •  H®(X/Zp)  -•H®(X)i^H®(  )  — ►H®*^(X/Zp)  >  0  and 
H®(T)  H®(X)  — ^H8(X/Zp)  -0. 

From  these  wo  see  immediately  that 


t 


1  -  T 


is  an  epimorphism  on  H^(a)  for  s>2n+’l.  Hence 
H®(X)  .  (l-T*)  H®(X) 

.  (1-T*)2  hS(X) 


8  (1-T*)P"^  H®{X) 


0 


for  all  s>2iH>l« 


i»  o 

■  0 

C*  vs 

Finally  lot  ua  return  to  Ir  ^  (X)  •  Since  nov;  we  have  shown 
that  dim  H  (X)tfo«  |  tho  £ulor>charectoristio  formula  of  Floyd 

(cf,  1;  p,  40) 

o*  ^ 

%  (-1)®  dim  H®(X)  s  p  E  (-1)®  dim  H®(X/Zp) 

^mO  3*0 

oon  be  applied*  In  our  casoi  this  reduces  to 
1  -  dim  (X)  s  0  or 

(X)  •  Zp* 

This  completes  the  proof  of  2*5* 

The  next  theorem  is  analogous  to  2*5,  but  the  proof  is  much 
simplar* 

2,6.  Theorem.  ^  p  •  2,  X  ^  connected  end  X/Zg  is  a 
cohomology  roal  pro.lcctlvc  n-space.  then  X  ^s  a  cohomology 
n-3£hero  mod  2, 

Proof,  Just  as  in  2,5,  using  tho  exact  saquonce  (3)  and 
definition  2,1,  one  deduces  thot 

(1)  TT*:  H®(X/Z2;  Zg)  H®(X;  Zg) 
is  trivial  for  all  s^l.  Now  consider  the  Smith  sequence  of 
1.6.  Owing  to  the  fact  that  for  Zg  wc  have  X  the  Smith 


sequence  reduces  in  this  case  to 

...  X  HS(X/Z2;Z2)  ^  HS(X;Z2)  -U"  H®  (X/Zg.Zg) 
ia  H®  ^(X/Z2;Z2)  ^ ...  . 

From  this  and  (1)  wo  conciudo  immediately  thot 


H®(X;Z2) 


■C 


if  s 
otherwise 
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2»7*  Remark*  In  tho  proof  of  2*5  and  2»6,  wo  have  omployod 
both  tho  methods  of  speotral  soquence  and  Smith  special  coho¬ 
mology  theory.  It  would  bo  desirablo  to  give  a  proof  using  e 
purely  spectral  sequence  argument.  This  can  bo  done  for  2.6, 

One  can  first  prove  by  induction  that  T^(X;Z2)  ■  ^ 

1  <>s  <n  in  the  same  way  es  2,5,  Next,  still  in  the  samo  way 
as  2.5,  one  deduces  that  dim  H^HX;Z2)Sp-l  s  2-1  s  !•  But 
this  time  it  would  determine  H*(X;Z2)  without  waiting  for  the 
information  of  H®(X;Z2)  for  s>n*  Then,  one  can  prove  inductive¬ 
ly  (by  assuming  that  H^^^(X;Z2)  «  0  for  all  14j<i  )  tho 


existenco  of  nn  exact  sequence  of  the  form 

0-,EV-*i  -►  E®'  “’’U 


n»i+2,o 
®  2 


(cf,  6.3  of  Port  2).  Since  s  wo  know  0^ 

is  an  isomorphism#  By  the  product  structure  of  K* {Z2iZz) ,  ono 
can  deduce  that  9;^,  is  also  an  isomorphism,  which  implies 
that  n  H*^*^(X;Z2)'^*s  0  and  hence  h“*‘^(X;Z2)  a  0# 

For  p  2,  c  similar  exact  sequence  can  also  bo  ccnstrncted# 
But  wo  ere  not  able  to  determino  tho  product  and  Bockstein 
operations  of  H*(Zp;H^*^‘*^(X) ) ,  since  our  knowlodt,o  on 
comes  lator*  This  seomr  to  bo  the  reason  for  the  breakdown 
of  this  method  wnon  p  2# 


A 

0 
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Sootion  3*  Cohomology  covoring  speooo  end  lifting  of  notions 

In  the  proooding  sootion,  wo  showed  that  if  a  froo  action  of 
Zp  on  a  oonnootod  oompaot  Hausdorff  spaoo  X  is  givon  such  that 
tho  orbit  spaoo  X/Zp  is  known  to  bo  a  cohomology  real  projective 
space  or  a  cohomology  lense  space  mod  p,  thon  X  is  itsolf  a 
cohomology  sphere  mod  p«  Wo  wish  to  know  now  thet  givon  a 
cohomology  roal  projoctivu  apace  or  a  cohomology  lense  space 
Y  mod  p,  can  we  clways  find  a  free  action  of  Zp  on  a  connected 
compact  Hausdorff  space  X  such  that  the  orbit  space  is  Y? 

More  generally,  we  wish  to  investigate  tho  quosticn  that  given 
a  oonnootod  compact  Hausdorff  space  Y,  whon  could  Y  bo 
homoomorphic  to  tho  orbit  space  of  a  froo  action  of  Zp  on  a 
connected  compact  Hausdorff  space  X*  Wo  shall  show  in  this 
section  that  under  a  rather  mild  condition  such  an  action  can 
actually  be  constructed*  The  method  rusomblos  very  much  to 
the  construction  of  tho  universal  covering  spoco  of  a  pathwise 
connected,  locally  pathwise  connected  and  locally  pathwise 
simply  connected  space  with  tho  dual  of  tho  first  cohomology 
group  playing  tho  rolo  of  tho  fundamental  group*  Lot  us  agree 
again  that  in  this  section  all  cohomology  groups  have  Zp  as  tho 
coufficiont  group,  but  no  distinction  will  bo  made  for  p  to  be 
oven  or  odd* 

3*  1*  Suppose  that  Y  is  a  connected  compact  Hausdorff 
space  and  tnet  ».  €  H^{Y)  is  a  non-zoro  olemunt.  Let 
f:  Y^ Zt)  bo  a  1-  cocycle  roprv^sunting  .  Then  there  ixists 
an  open  covering  ^  of  Y  such  that 
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(DlyQiyg)  «  f{yo»yi)  *•*  ^(yijyg)  whenever  yoiyiyg  <  v«.<\r. 

Fix  a  point  bCY.  By  a  AT  ~ohaln  we  mean  a  finite 
sequence  (yi)i^Q  of  points  of  Y  such  that  ^yi-i»yj^  Is 
contained  in  some  Vj^  CAT  for  all  i  ■  l|2|«*«»n«  By  a  Af  -ohain 
with  base  point  b  we  mean  a  V-ohain  ty^)  Yo"^* 

The  set  of  all  AT -chains  with  base  point  b  is  denoted  byX  • 

Two  elements  (yi)iSo  j2b  ®®^‘^ 

equivalent  if 

(i)  Yn  •  ym  ^ 

(11)  i  Kvi-i./i)  •  .f,  Kyj-i.yj)* 

This  is  obviously  an  equivalence  relation.  The  quotient  set 
of  X  ^^d®^  this  equivalence  relation  is  denoted  by  X  and  the 
equivalence  class  of  denoted  iSo* 

Alsoi  the  functionlT:  X-»Y  eiven  byif(£yj^  -yn  is  clearly 

well-defined. 

Now  we  topologize  X  as  follows.  For  each  z  •  Cn]  i2o 
of  X«  the  set 

p(T(x))  .  53(f(z))l‘n’(z)€  B(w(x)),  B  (»(x))  open  in  Y 
and  B(7f{x))cv  for  some  forms  a  base  of  neishborhoods 

ofWlx)€Y.  To  each  B(ir(x))<  ^  (^x)),  define 
(3)  B*  (X)  y;4B(itU)). 

!Lf(yi.i»yi)*f  f(ya,yn)^  ■°J* 

It  is  straightforward  to  verify  that  a  topology  can  be 


dofinod  on  X  for  v;hloh 

?  (I)  .  (X)  I  B  (tr(x))€e  (Tr(x))} 

forms  a  baso  of  open  neighborhoods  of  x* 

The  topology  J  Is  Hausdorff.  In  fact,  lot  x  «  [n]  i2o 
and  X*  ■  two  distinct  points  of  X«  IfT^Cx)  ^TTCxMt 

wo  may  tako  B  {ir(x))%  (l(Tr(x))  and  B*  (ir(x'))  suc>' 

B  (»r:(x))'^B*  {ir(x*))  it  is  than  cloar  that  B*  {x)f\ 

B**  (x')  s  If  ^{x)  m  TT  (xM  a  y,  WO  tako  any 

B(y)€  ^  (y).  If  -Lyli  kio  ^  ^ 

wc  havo  by  definition 

M  ^  n 

X  f  (yi-i»yi) '»-f  (y»yi)‘*’  ^  ^ 

This  gives 

contradicting  the  assumption  that  x  ^  x*^ 

It  is  easily  seen  tnet  under  the  topology  J  ,  :  X*^  Y 

becomes  o  continuous  map*  In  fact,  for  any  x€  X  and 
B(  n  (x))C  P  (ir{x) ) ,  TT  maps  b’*‘(x)  houeomorphically  onto 
B(7r(x))*  Hence  TT  xs  e  local  hoanomorphism*  Uoroovur,  there 
exists  an  open  oovoring^f ^f  X  suen  that  every  Y*<  ''  ^  is 
mapped  bj  YT  homoomorphioally  onto  sots 

3.2.  Lemma.  For  jach  yc  Y,  F  *(y)  has  exactly  p  points. 
Proof.  It  is  easily  soon  that  the  cardinal  of  TT  (y)  is 
independent  of  y;  honce  it  suffices  to  consider  the  case  when 
y  ■  b.  Tho  function  ^  (b)  — »  Zp  defined  by 
a  f(yi-i»yi)#  where  (b) ,  is  obviously  injective. 

Moreover,  tho  imoge  of  4*  is  ^  subgroup  of  Zp.  For 

«>  <  C^'OiSo'  =  *  'K]  J^o’’ 
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"  [yn+m-k 


-  OSkSn 


nfkin^m  • 

Furthermoro,  <P  ([b])  ■  f(b,b)  s  0*  Tble  suberoup  must  be 
either  Zp  or  0.  If  It  Is  zero*  we  define  a  0-ooohaln 

r% 

g:  Y-»  Zp  by  g(y)  s  Y(yi.i*yi) »  where  (y^)j^[iQ  ie  any 
^ -chain  with  base  point  b  such  that  y^my*  Such  afVT-chain 
exists  (;:;ince  Y  is  connected)  and  g  is  well-defined*  If 
y»y'  ^  VCAf  ,  we  Lave 

6(y*)-ft(y)  ■  f(y»y*). 

because  we  can  represent  gCy*)  by  L  f(y.  ,  »y. )  ^  (y*y*)  • 

g(:’)  +  r (yiy ' ) •  But  this  means  f  is  cobounding,  contradicting 
the  assumption  that  ^  ^  0,  Hence  the  leijma  is  proved* 

Notice  that  3*2  also  Implies  that  is  compact* 

3*3*  Lemma*  The  homomornhisa  H^{f)  H^(X) 

induced  by  W  :  X  Y  maps  into  zero* 

Proof*  The  function  h:  X  -tZp  given  by  h(  WiSo*  =■ 

-  €.  f(yi.i »yi)  is  clearly  a  well-defined  O-cochain  cn  X* 

.11  Jm  ^ 

“  *  ■  tyiliSo  j^Qare  contained  in  some  B  (x"), 

where  x'’» 

According  to  (3)  we  have 

It  f  (yi.ri.l)  »0 


and 


Hence 


I  f(yi»yi.i)  “  ■  f(ypy^)-f (yi*yn) 

=  f(yl,y>f(yn»yl) 

-  » 
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or 

h(x)  -  h(x')  «  f(*T(x),  Tr(x*))  • 

This  means  precisely  thatTT^)  .  O;  hence  the  lemma  is  proved* 
By  a  V  -4haiii  we  mean  a  finite  sequence  {3Cj^)i.o  points 
of  X  such  that  is  contained  in  some  Vi*sV^for 

all  lal,2|**.,n«  A'^^chain  (acil^^O  cover  a 

V-ohain  (yi)i2o  «  yj,  ^‘or  all  lsO|l,***,na  Notice 

that  the  function  h  defined  in  3.3  has  the  following  property; 
(4)  If  a<V^chain  covers  aV-chain  (yi)i2o» 

\t  ^(yi-l»yi)  =  h(xQ)-h(Xa). 

3*4«  Lemma*  (Chain  lifting  property  and  monodromy 

•  I 

property)  Given  a*V  -chain  (yi)i^O  ead  ^  point  x€l*  (yo)» 
there  exists  a  uniaueir *  choln  (xj^)  such  that  (xj^) 

covers  ^  Xft  «  X*  (yi)  iSo  aM  (yj)  j“o  —  ^ 

«V -chains  such  that  y©  «  7q  oa^  yn  ■  yi*  SJlli  j«0 

are  two  Of -chains  covering  tyi^iSo  and  (yj)  respectively 
such  that  xq  ■  xq*  Then  Xq  s  XjiJi  ^  and  only  ^ 

1  f(yi.i.yi)  s  l/(yjli.yj). 

Proof*  The  first  part  of  the  lemma  is  an  immediate 
consequence  of  the  fact  that  w  is  a  local  houeomorphism  of 
X  onto  Y*  For  tha  second  part,  if  x^  -  Xq,  v/e  have 
if,  T(yi,iiyi)  =  h(xo)-h(Xji)  s  h{xo)  -h(x^)  a 

Conversely,  if  ?  fCyi-ify^)  s  ^‘tyj-i»yj)»  by  (4) 

w3  have  h(xo)-h{xn)  ■  h(xo)-h(Xj^)  and  hence  h(xn)  ■  h(Xj^) 
since  Xq  m  Xq.  Since  (x^)  ayn  *  y^  «'^(xm)»  we  hove 
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■  Xjn  definition  of  h  and  (2). 

3.5.  T.ammy.  There  exists  a  free  action  of  Zp  on  X 
3U0h  that  X/Zp  ■  Y  and  n  coincides  v^ith  the  canonical 
projection. 

•  I 

Proof.  Define  a  function  S  on  IT  (b)  by  S(x)  s 
^*(<{»(x)+l) ,  whore  i^**(b) Zp  is  the  function  defined  in 
3.2.  Let  us  extend  S  as  follows.  If  x  «  MlSo  is  an 
arbitrary  point  of  X,  we  let  (x^)  be  aV^'^chain  covering 
(yi)l2o  s'ich  that  Xq  «  s(Cbl)  and  then  define  S(x)  «Xjjl 
This  is  well-defined  in  view  of  lemioa  3.4.  Now  let  us  prove 
that  S  is  continuous.  Take  a  nolghborhood  B^iXjj)  of  Xq  «  S(x), 
where  B{y^)  is  a  neighborhood  of  ■n'(xn)  xn’(x)  «  y^.  If 
x’d  B  (x) ,  then  x*  can  be  represented  by  where 

y^^l  «ir(x*) C  B(yjj^) .  Slncewmaps  B*(x^)  honeomorphically 
onto  B(yn),  there  exists  Xjj^^  ^  ®  t*n)  that  )  ■ 

ynfl*  follows  that  (xj^)^Q  is  a'^-^hain  v^hich  covers 
iy±)^Q  with  Xq  s  S{[b3).  By  definition  we  have  then  S(x') 
s  B*(Xn).  It  io  clear  from  the  definition  of  S  that 

we  have  h(S(x))-h(x)  •  h(s\,b})  so  that  h(x)-h(S^(x) )  s 
P  k(s[b])  a  0.  Since  n(x)  {3^{x))  t  vie  must  have  sP{x)  s  x. 
Hence  S  is  a  periodic  map  on  X  with  period  p.  Finally)  S  has 
no  fixed  point,  in  foot,  for  any  x*X  we  have  h(x)-h(S(x))  it 
-h(s[bj)  a  1  ^  0;  hence  x  ^  S(x)  for  all  x€X. 

3.6.  Lemma.  X  ^  connected. 

Proof.  Consider  the  exact  sequence 

0-^  H^(Y)  ^  k2(Y) 


zz 

of  the  Lerey-Garten  spectral  sequence  (of.  (3)  of  2.5). 

By  1.5  and  lemma  3.3|  we  have  dim  (Kerl^  %1.  Therefore  by 
1.1  end  the  exactness  of  the  above  sequence  we  have 

dimq‘HO(X)/IHO(X)  •  dim  «  dim  (Ker  1T’‘)5  i. 

On  the  other  hand,  we  have  obviously  s  s  H®(Y). 

By  1.1,  1.5  and  the  connectedness  of  Y,  this  gives 

(5)  dim  H*(X)S*  s  dim  .  1. 

But  (5)  means  that  TH^(X)  is  a  hyperplene  of  H^(X)  so  that 
dim  HP(X)/t  hO(X)  .1. 

It  follows  that 

dim  hO(X)/^H®{X)  -  dim  H^CX)/*  H®(X)  -  dim 

^H0(X)/t  H^(X)  t  Ouor^H®(X)  ■  H®(X).  That  is  to  say, 

.H  S  '  is  trivial  on  H^(X).  By  (5)  and  lemma  1.4,  we  have 
«  so 

(6)  dim  H°{X)  $  p-1. 

Hence  X  has  at  most  p-1  components. 

Suppose  that  X  is  not  connected.  Let  0  be  a  component 
of  X.  We  can  not  have  S(C)  «  C.  For  if  so,  TT  (c)  would  be 
a  proper  non-empty  subset  of  Y.  As  X  has  only  a  finite 
number  of  components,  C  is  both  open  and  closed  in  X  and  so  is 
Tr(C)  in  Y  since  rr  is  an  open  mop  and  X  is  compact.  This 
contradicts  the  fact  that  Y  is  connected.  Therefore  we  must 
have  S{C  ^  Q  and  hence  X  has  ct  least  p  components,  contra¬ 
dicting  (6). 

3.7.  Remark.  V/o  notice  that  in  the  proof  of  3.6,  we 

w- 

have  also  shown  that  dim  (Ker7>  )  «  1.  In  other  words, 

W  1 

Ker  n  is  precisely  the  1-dimensional  subspace  of  H  (Y)  gener¬ 


ated  byo^ 
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Oolleoting  3*1  -  3*7,  we  have  proved  the  following  theorem. 

3.8,  Theorem,  If  Y  is  ^  oonneoted  oompaot  Hausdorff 
spaoe,  then  for  every  non-zero  element  oi  €  H^(Y)  there  exists 
B  nnnnflnt.ft<^  oompaot  Hausdorff  BPooe  X  and  a  free  action  of 

Zp  aa  X  suoh  that  X/Zp  «  Y  and  kernel  of  the  homomorphism 
t*:  H^(Y)  -*  h1(X)  Induced  bv  the  canonical  projection 
IT  :  X  — 4  Y  precisely  the  l-,4ifl£afii2afii  subepaoe  generated 
bx  U  . 

The  apace  X  of  3.8  may  be  colled  a  cohomology  covering 
apace  of  Y,  This  space  can  actually  be  choroctorized  abstract¬ 
ly,  The  techniques  involved  consist  largely  of  repetitions 
of  the  arguments  used  in  3,1  through  3,6,  So  we  are  content 
to  give  here  a  brief  sketch, 

3.9,  Definition.  Let  Y  be  a  connected  compact 
Hausdorff  space  and  o  non-zero  element  of  H^(Y),  By  a 
02h2j|^SjL2fi2L  Iloy2£ln&  ^jg£oe,  of  Y  with  respect  to  v/e  mean  a 
compact  Hausdorff  space  X  and  a  free  action  of  Zp  on  X  such 
that  X/Zp  ■  Y  and  the  kernel  of  the  homomorphism  ff*:H^(Y) -T  h^(X) 
induced  by  the  canonical  projection X  Y  is  precisely  the 
1-dlmensional  subspace  generated  by^, 

3.10,  Let  Y,«l  be  the  some  as  in  3,9  and  X  a  cohomology 
covering  space  of  Y  with  respect  to  ,  Just  as  3,6,  we  can 
prove  first  that  X  is  connected.  Using  the  condition  that 

and  the  fact  thatTT  is  a  local  homoomorphism  of 
X  onto  Y,  we  can  find  an  open  covering'9"of  Y,  c  l-oocycle 
f  on  Y,  on  open  covering  ^*ot  X  and  a  O-cochain  h  on  X  such 
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thct  (1)  and  (4)  holds  and  such  that  oeoh  Is  mapped 

homeomorphicelly  onto  somo  V  €V  by  •'  ,  With  these  we  can  use 
the  notions  of  ^-chains,  'yi*  "^chains  end  covering  chains. 
Because  of  the  condition  that  ^0  and  the  connectedness  of  X| 
we  can  prove  the  chain  lifting  property  and  the  mcnodromy 
property  of  3.4.  After  this  is  established,  the  following 
uniqueness  theorem  can  be  proved  by  standard  argument. 

3.  11.  Theorem.  Lot  Y  ^  £  connectod  compact  Hausdorff 
spoco  and  cn.  a  non-aaro  element  of  H^(  Y)  •  If  and  1 '  are 
two  oohomolo;4y  covering  spaces  of  Y  with  respect  to  r/,  then 
there  oriats  an  oQulvariant  home onorp.i ism  0'  X  -4  X ’  of  X 
onto  X'.  More  explicitly,  wo  havo  the  following  commutative 
diagram 


\'ftiere  end  ore  the  oenonioc  1  projections.  Furthermore, 
if  X*  and  io*  ere  any  two  pro assigned  points  of  X  and  X' 
such  that  ■»!  (xq)  •  (Xq  ') »  then  B  etn  ^  choeen  in  such  a  way 
that  6  (xq)  ■  Xq*  is.  cor-iPlQtoly  determined  b^  this 

condition. 

3.  12.  Again  let  Y  be  i.  connected  compact  Hausdorff 
space,  o<  a  non-zero  olomonu  of  iil(Y)  ond  X  a  coiicmology 
covering  space  of  Y  with  respect  to^.  By  definition  there 
exists  c  free  action  of  Zp  on  X  which  v;o  rep^^'^'s^nt  by  v.  per¬ 
iodic  map  £j  (see  3.3)  r.nu  call  it  the  '^deck-tranef orm:  tion’*. 
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Lot  us  cssume  now  thet  tho  apcoe  Y  itself  oorries  an  sotion  of 
Zpj  in  other  v;ords,  we  have  o  periodic  tranof ormation  T:  Y-^Y 
of  period  p,  A  poriodio  map  T  t  X  JC  of  period  p  is  said  to  be 
a  liftinr;  of  T  if  it  commutes  with  the  canonical  projection 
TT :  A  -^Y,  1,0  if  t^oT-  T  oK  '^o  wish  to  study  now  wucn  such 
a  lifting,  exists.  To  do  this,  lot  us  adjust  -uho  construction 
of  3,1  under  the  following  assumptions: 

1,  There  is  an  action  of  Zp  of  Y,  i,e  v/e  hevo  c  periodic  rasp 
T:  Y  -^Y  of  period  p. 

2*o<.  is  invariant  under  T  ,  i,o  T  (ct)  where 

T*:  H^(Y)  H^(Y)  is  the  homomorphism  induced  by  T, 

3,  The  fixed  point  set  of  T  is  non-empty,  i,o  there  exists 
b^Y  such  that  T(b)  ■  b. 

Just  ts  in  3.1,  let  f :  Y^  Zp  be  a  1-oocyole  reprosenting 
•  Using,  condition  2,  it  is  ersily  soon  thot  there  exists  an 
open  covering  of  Y  and  o  -cochain  k:  Y-^Z^  with  the  prop¬ 
erties  that  (1)  of  3,1  .lold.s,  that  for  oil  V  $ '\r  rnd 

that 

(1)  k(y)-k(y')  >  f {.v,y ’)-f (T(  J  ,T(.  ’) )  whenever 

y,y'^ 

Construct  the  sot 'X  and  tno  space  X  in  tnc  seme  way  c.g  3,1,  but 
with  the  agreomont  nhot  the  base  point  b  is  tokon  to  be  a  fixed 
point  of  T,  Then  X  is  a  eoi.omjlogy  covering  spoco  of  Y  •.  ith 
respect  to  R-.v  clearly  the  function  T  ;  (  '.)  — ^  (T(  *))  “ 

^  iaO  ■  iaO 

maps 'X  into  itself,  Loroover,  if  '  y<  =  I  y?  ’i  ®  »  then, 

I  J‘-*]j«o 

by  (1),  wo  have 
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-  ^.f(T(yj.{),T(yj)) 


Jc(yn) ) 

i^(yi)) 


Hoaoq  (  Cnl  i2o>  B  (T(yi)3  is  a  '/ell-defined  function 

of  X  into  itself.  It  is  easily  seen  that  T  :  X-^  X  is  a 
periodic  transformation  of  period  p  and  that  it  is  indeed  a 


lifting  of  T. 

We  claim  that  T  commutes  with  S,  where  S  is  the  deck- 
transformation  defined  in  3.5.  Let  S{[b3)  a  Then 

yn  •  W  (Stb3)  -  b.  By  (1),  we  have 

;f,f (yi-i»yi)  "  =  qj 

in  other  words,  T  (s(bl)  •  Now  if  X  s  fyjljsO 

arbitrary  point  of  X  and  is  the^T^chain  covering 

(yj)j“o  ^o'jt  xq  u  s(  Cb3  )»  bhen  S(x)  b  Xj^  But 

(y  (Xj) )  j®Q  is  a  A/ ^chain  covering 
T(xo)  -  T  (S(Cbl))  b  S(tbl). 

By  the  definition  of  S  we  hove  ohen  ^  (Xj^)  s  • 

that  is  T  0  S  (x)  b  S  oT(x). 

3.13.  Proposition.  Suppose  that  Y  is.  ^  connected  compact 
space,  that  T  ^  £  ceriodio  transformation  on  Y  of  period  p 
such  that  the  fixed  point  set  of  T  non-empty,  that is  a 
non-zero  element  of  H^(Y')  which  is  invariant  under  T*  and  that 
X  .is  .a  cohomology  cover ing  spree  of  Y  wiph  respect  to  X . 

/V' 

Then  T  hes  .a  lifting  T  on  X  wi.ioh  oonmiutes  with  the  deck- 


trensformetion  S  on  X. 
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Proof*  3*13  la  just  proved  In  3.12  when  X  la  the 
apeolflo  cohomology  covering  space  constructed  there*  The 
case  when  X  is  an  arbitrary  cohomology  covering  space  of  Y 
with  respect  to  ^  then  follows  from  the  uniqueness  theorem 
of  5*11. 
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Seotion  4.  Fixed  point  set  of  an  action  of  Zp  on  a 
cohomology  real  projective  space  or  on  a  cohomology  lense 
space  mod  p 

In  this  seotion  we  discuss  the  fixed  point  eet  of  an 
action  of  Zp  on  a  oohooiology  real  projective  spcoe  or  on  a 
cohomology  lense  space  mod  p.  Our  object  is  to  show  that  each 
component  of  the  fixed  point  set  of  such  on  action  inherits  the 
same  cohomology  structure  of  the  space  itself.  All  the 
machineries  needed  have  already  been  built  up  in  the  previous 
two  sections  and  it  i&  now  just  a  matter  of  patching  them  up. 

4.1.  Theorem.  Suppose  that  Y  ic  £  cohCiiioloKy  lense 
(2n*-l)  -  apace  mod  p  on  which  Zp  acts,  where  p  2.  Then  the 
fixed  point  set  F  has  at  moat  p  components  and  every  component 
^  is.  £  cohomology  lense  space  mod  p.  if  F  has  K  compontfnts 
. . •  I C]j.,  liX$Pf  and  is  a  cohomology  lense  (20^*^!) -Space 
mod  Pi  1  »  ly2|...,k|  then 

H 

nj^  ■  n-k-*l  • 

Proof.  IQ  may  cssumo  that  F  is  non-empty,  for 
otherwise  4.1  is  trivial.  Let  T  bo  a  i.enarator  of  Zp  and 
a  generator  of  n^(Y)  •  Zp.  Let  Jt  be  a  cohomolocy  covering 
space  of  Y  with  respect  too<.  Such  an  a  exists  by  3.8  and 
according  to  2.5  X  is  o  cohomology  (2n'*>l)  -sphere  mod  p. 

Since  ot  is  necessarily  invariant  under  T*,  by  3.13  T  has  a 
lifting  T  on  X  which  commutes  with  the  deok-transf rrmation  S 
on  X  (of.  3.12).  It  follows  that  and  G  together  define  an 
action  of  Zp  x  Zp  on  X.  Let  bo  the  cot  of  all  non-trivial 
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oyolio  subgroups  N  of  Zp  x  Zp  auoh  that  the  fixed  point  set 
?(N)  is  non-empty.  Sinoe  Zp  x  Zp  contains  only  p-fl  non-trlviel 
oyolio  subgroups  and  sinoe  the  oyolio  subgroup  generated  by 
(S,l)|  which  we  denote  by  N®,  acts  freely  on  X,  N®* 

Hence has  at  most  p  elements.  On  the  other  hand»  we  havo 
(F(N))  •  F;  henoe j/  is  non-ompty.  Let  N^,...,N^i  l^k^p* 
be  the  elements  By  1.7»  F(N^)  is  a  cohomology  rj^-sphere 

mod  p  rnd  rj^  is  odd,  sey  rj^«2ni»l,  i-l,2,...,lc.  I^t  0^- 
n{F(NM),  1.1,2, ...,  k;  then  is  connected  sinoe  F(N^)  is. 

Moreover,  it  is  easily  seen  that  s4>  if  i  ^  j*  Since 

.  r  w 

F  ■  1/  (F(N))  a  ij  Cj^,  we  conclude  that  ^Ci  j  i.l  is 

precisely  zhe  set  of  all  coiiiponents  of  F*  Now  the  cyclic 

group  acts  on  F(N^),  freely  of  course,  and  is  just  the 

orbit  space  of  this  action.  Therefore,  by  2.5,  is  a 

cohomology  lense  (2ni+l)  -  spoce  mod  p.  Finally,  by  1.9, 

we  hove 

.X[(2nin)  -  (-1)]  s  (2n^l)  -  (-1), 
which  reduces  exactly  to 

K 

.Xni  a  n-k4l. 

#»  t 

In  Qxoctly  the  same  way,  one  can  olso  prove 

4.2.  Theorem.  Suppose  tact  Y  is  s,  oohomnlogy  real  pro¬ 
jective  n-3P30e  on  ivhioh  Zg  cots.  Then  uho  fixed  point  set  F 
has  at  most  2  components  and  aadh  component  of  F  is_  £  cohomology 
rer.l  projoctlvo  space.  If  F  hos  K  components  Ci, . . . ,  Cj^,  lik<2, 
end  Ci  is,  £  cohomology  real  projective  n4-spaoe.  isl,2,...,k, 

^  hi  s  n-k*-l. 


then 


PART  2 


Section  5.  Preliminaries  of  Part  2 

As  in  section  1*  the  present  section  is  a  collection 
of  preliminary  results  to  be  used  in  the  following  sec¬ 
tions. 

3gl  Let  0  be  a  compact  Lie  group  acting  on  a 
compact  Hausdorff  space  X.  Por  each  xtX,  0^  » 

(geO  I  gx  a  x]  is  a  closed  subgroup  of  0  called  the 
isotropic  subgroup  at  x  and  the  set  Q(x)  a{gxi  gco]  cX 
is  called  an  orbit.  The  conjugate  class  [0^]  of  in  0 
depends  only  on  the  orbit  Q(x);  hence  it  is  called  an 
orbit  type.  We  say  that  the  action  has  finite  orbit 
structure  if  the  set  I  xex}  is  finite.  In 

case  that  0  is  abelian  (such  as  the  circle  group 
3^),  it  is  the  same  to  say  that  there  are  only  a  finite 
number  of  distinct  Isotropic  subgroups,  [1;  p.  104]. 

3*2  Let  X  be  a  locally  compact  space  and  L  a 
principal  ideal  domain.  Ilie  cohomology  dimension  of  X 
over  L,  denoted  by  dim  X  is  defined  by 

dlm,.X  $  n  if  {U;L)  =  0  for  all  open  subset  UCX, 

V 

where  H*  (U;L)  ■  H*  (U;L)  is  the  Alexander  -  Wa'lace  - 

Spanier  cohomology  of  U  with  coefficients  in  L  and  wiwh 
compact  support.  X  is  saiv’  to  have  a  finite  cohomology* 
dimension  over  L  if  dlmJC(  t.  for  some  n.  In  symbols, 
we  write  dim  ^  X  <  oo  . 

The  function  dim ^  X  is  Introduced  by  H.  Cohen  [7]* 

It  is  known  to  have  the  following  properties: 

( 1 )  dim  I.  X  ^  dim^S,  where  Z  denotes  the  ring  of 
integers, 

(li)  dim^X  a  Max  (dim,_A,  din,_X-A)  for  any  closed 
subset  AC.X.. 
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(ill)  dlraJXxY)  f  dlm^X  +  dlnijY,  where  Y  Is  a 

locally  compact  apace  and  XxY  la  the  product 
apace  of  X  and  Y* 

(Iv)  If  X  la  a  compact  Hauadorff  apace  of  finite 

Lebeague  covering  dlmenalon  n,  then  dim.X  >  n* 

Let  (X«  Y«  S  *  t)  be  a  principal  bundle  In  the  aenae 
of  [l8]j  where  the  fibre  la  the  circle  group,  the  baae 
apace  Y  la  compact  Hhuadorff  and  dlm^Y  <  ,  By  the 

propertlea  (1)  -  (Iv)  Hated  above,  It  la  eaally  aeen 
that  dlmj^X  <  co  , 

5.3.  Propoaltlon.  Let  Q  be  a  compact  Lie  group 
acting  on  a  compact  Hauadorff  apace  X  and  X/0  the  orbit 
apace.  Then 

dlm^yo  <  dlmJC. 

A  proof  of  5.3  can  be  found  In  [l;  p.  HI]. 

5.4.  Let  act  on  a  connected  compact  Hauadorff 
apace  X.  Conalder  the  (2N<fl)  -  aphere 

S  ^  ^1*  •••♦  ^  ^1  "  complex 

number  for  all  1«0,  1,  ...,  .  The  map 


,211+1 


(e^^®^,  (Zq,...,Z^))  — »  (e^®^Z, 


^  # 


0  d  6  d  1,  deflnea  a  free  action  of  sl  on 

2N+1 

S  for  which  the  orbit  ai>ace  la  the  complex  projective 

„2ll+l  , 


N-apace  CP".  Let  P:  Cp"  denote  the  canonical 

projection.  Mow  let  act  on  the  product  apace  Xxs^”*"^ 
diagonally  by  g(x,u)  »  (gx,  gu),  geS’,  xtX  and  ueX^'*'^. 
Denote  the  reaultlng  orbit  apace  by  X_,  and  the  canonical 


2114.1 

projection  of  XxS  into  X  ,  by  q, 


leal  maps  X^,  — >  X/S'  and  VgS  X^ 


There  are  two  canon- 
— >  CP**  auch  that 


the  following  diagram 
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Is  commutative,  where  Pri  and  Pr«  are  the  projections  of 

211+1  ^ 

the  product  space  XxS  onto  Its  first  and  second  factor 
2M+1 

spaces  X  and  S  respectively.  The  map  ir2  Is  a  flb- 
rlng  with  fibre  X  for  which  the  Lsrsy  sheaf  is  constant 

w 

since  CP  is  simply  connected.  There  is  then  a  spectral 
sequence  (E^)  whose  E2  -  term  is  given  by 

-  H®(CP**;  H^(X;L)) 

and  whose  E^  -  term  is  associated  with  H«(Xg,;L).  The 
map  ir^  is  in  general  not  a  flbring«  In  fact,  for  each 
y  -  Tr(x)*X/S*,  we  have  Tr^^(y)  »  Finally  we 

remark  that  the  cohomology  ring  of  CP**  is  given  by 

(1)  H*(CP*^;L)  -  deg  x  -  2, 

where  L[x]  Is  the  polynomial  ring  with  coefficients  in  L 
and  is  the  ideal  generated  byx^"^^, 

For  details  of  the  above,  one  may  consult  [1;  Chap,  iv, 
S'  1,  2  and  where  the  general  case  of  compact  Lie 
groups  is  treated  and  with  [10]  and  [6]  where  the  specific 
case  of  S'  Is  discussed. 

In  later  applications,  we  shall  always  assume  that 
X  has  finite  cohomology  dimension  over  L  and  that  If 
is  chosen  so  that  2N+1  »  dimj^X.  This  convention  will 
be  adopted  from  now  on  without  further  explanation  (cf. 

1;  P.  52), 
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Suppose  S'  acts  on  X  freely^  Then  (y)  - 
for  all  y«3C/S'.  Since  H^(S^*^'''^;L)  -  0  for  all 
1  ^  k  <  2N+1«  by  the  Vletorls  mapping  theorem  we  have 
h‘^(3C/S'j  L)  — >  Is  an  Isomorphism  for 

all  0  <  k  <  2N+1.  We  have  therefore 

5.5  Proposition.  If  S*  acts  freely  on  a  connected 
compact  Hausdorff  space  X  such  that  dlm^X  <  oo  ,  then 
for  a  sufficiently  large  M  there  exists  a  spectral  sequence 
( Ej, )  whose  Eg  -  term  Is  given  by 

-  H®(CP**;  H^(X;L)) 

and  whose  -  term  is  associated  with  H*  ( VS'  j  L)  u£ 
to  dlmj^X. 

More  precisely,  the  last  statement  of  5*5  means  that 
there  exists  a  suitable  filtration  on  L.  H^(VS';  L) 
whose  associated  graded  group  Is  given  by  ^  ^  gj^E^^, 

We  notice  furthermore  that  for  S<2N+1,  the  canonical  edge 
homomorphlsms 

^s’  ^  (VS';  L)  and 

/  H®  (X'S';  L)  — ^ 

of  (Er)  are  given  by  owg  and  t  respectively. 

In  the  next  section,  we  shall  apply  5.3  to  the 
case  where  X  Is  a  cohomology  k^sphere  over  L.  There 
Is  then  the  Qysln  exact  sequence 
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S<  2M+1. 

We  remark  that  'V'_  is  the  nmltlpllcatlon  by  an  element 

gI 

(CP*^jL)  [2;  Expose"  IX,  theor^me  8]. 

3.6  Let  S'  act  on  X  with  the  action  being  not 
necessarily  free  and  let  F  be  the  fixed  point  set. 
Considering  F  as  a  space  acted  on  by  S',  we  can  form  F  , 

and  consider  the  maps  F^,  — >  F/S'  ■  F  and 

Fg,  —4  CP  .  It  Is  easily  seen  that  the  space  F^,  Is 

Just  the  product  space  FxCP  ,  since  tTj^  and  iTg  are  Just 

II 

the  projections  of  FxCP  onto  Its  factor  spaces,  the 

If  >1 

spectral  sequence  of  “n-gt  FxCP  — ^  CP  Is  of  no  Interest. 
On  the  other  hand,  the  Inclusion  1:  F  — ^  X  Induces  an 
Inclusion  1^,;  F^,  — ♦  Xg,  which  In  turn  Induces  a 

homomorphism  1*  :  H*  (X.,;L)  - >  H*  (P.,;L).  It  Is 

known  [1;  p,  55]  that  If  dim, X  <  <»  ,  then  1*  : 

Is  an  Isomorphism  for  all 

9  8  * 

dlm,_X  <  K  <  2N,  provided  that  L  Is  a  field  of  character* 
Istlc  zero. 

5.7  Proposition.  Let  X  ^  £  cohomology  n- sphere 
over  L,  where  L  ^  either  Z  or  ^  field  of  characteristic 
zero.  Let  S'  act  on  X.  Assume  moreover  that  dlm,X<oo 
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5.8  Let  X  be  a  cohomology  n-sphere  over  L,  where 
L  Is  a  field  of  characteristic  zero  and  let  S'xS'  act  on 
X.  Assume  moreover  that  dlmJC<«e  and  that  the  orbit 
structure  Is  finite.  By  5*7 t  the  fixed  point  set 
P(S'xS';X)  Is  a  cohomology  r-sphere  over  L.  Moreover, 
let  "H  =  {hIHcS'xS*}  be  the  set  of  all  closed  sub¬ 
groups  of  S’xS*  which  are  Isomorphic  to  S*.  Then  each 
F(H,X),  H4H  Is  a  cohomology  n(H)  -  sphere  over  L. 

We  have  the  following  theorem  due  to  A,  Borel  [1;  p.  175)# 
5.9.  Proposition.  Let  the  hypothesis  and  the  nota¬ 
tions  be  the  same  ^  Iji  5.8.  Then 

n-r  »  (n(H)  -  r). 
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Section  6v  Cohomology  Complex  Projective  Spaces 

Throughout  this  section,  X  is  a  compact  Hausdorff 

space  on  which  the  circle  group  S'  acts  freely.  As  usual# 

}^S'  denotes  the  orbit  space  and  tr:  X  — >  X/S'  denotes 

the  canonical  projection.  We  also  agree  that  for  the 

« 

rest  of  this  paper,  H  (X)  denotes  the  Integral  Alexander* 
Wallace-Spanier  Cohomology  of  X.  Whenever  groups  (rings 
or  fields)  other  than  Z  are  used  as  coefficient  groups, 
they  will  be  written  out  explicitly. 

6.1  Definition.  A  compact  Hausdorff  space  Y  is 

said  to  be  a  cohomology  complex  projective  n- space  if 

* .  . 

its  Integral  cohomology  ring  H  (Y)  is  given  by 
H*(Y)  =  V(x^)»  deg  X  -  2, 

where  Z(x 1  is  the  polynomial  ring  with  coefficients  in  Z 
and  Is  the  ideal  generated  by  x”'*’^. 

6.2  Proposition.  If  X  is  an  Integral  cohomology 

( 2n+l )  -  sphere  such  that  dim^ <  ,  then  X/S'  ^  a 

cohomology  complex  projective  n-space. 

Proof.  Consider  the  spectral  sequence  (^)  of  5.3# 
where  we  have 


-  H®(CP**;  H^(X)). 

Since  X  is  an  integral  cohomology  (2n-f-l)  *  sphere,  by 
3.5  we  have  the  Qysin  sequence 


,s-2n-2,2n+l 


Ya 


4> 


H®(VS’) 


b: 


o-2n-l,2n+l 
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where  o  a  Is  the  multiplication  by  a  generator  a  H  (CP")i 
Prom  this  exact  sequence ,  It  Is  Immediate  that 

♦*8=  e|'°— >h'(v's*) 

Is  an  Isomorphism  for  all  0^  S  ^2n.  For  2n  <  S  <  2M+1, 
we  obtain 

H®(X/S»)  -  0 

by  the  fact  that  Va  la  an  Isomorphism^  For  2M+1  ^  S, 
we  obtain 

H®(VS')  »  0 

by  the  agreement  that  2N-I-1  >dlm|^X  and  Finally, 

as  o  TTn*  commutes  with  cup-product,  we 

obtain  the  desired  cohomology  structure  of  H*(Vs*)  in 
view  of  (1)  of 

The  next  theorem  Is  an  analogue  of  2,3, 

6.5-  Theorem.  Suppose  that  S’  acts  freely  on  a 
compact  Hausdorff  space  X  such  that  X/S'  a  cohomology 
complex  projective  n-space.  Assume  moreover  that  dlm^Q/S* 

<  fj  ajidT*:  H^(X/S’)  — »  H^(X)  Is  trivial.  Then  X  Is 
aji  Integral  cohomology-(  2n-fl )  sphere  and  dlm^X  4.  00  , 

Proof.  By  a  theorem  of  Qleason,  [11],  the  system 
(X,  X/S',  S',  v)  forms  a  principal  bundle;  hence  we  have 
dlm^X  <90  by  5.5.  We  can  therefore  consider  the  spectral 
sequence  of  5-5,  where  we  have 
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for  a  sufficiently  large  M. 

By  the  universal  coefficient  theorem.  It  Is  easily 
seen  that  for  any  coefficient  group  L, 


„  „  rL,  If  S-2k,  Of  Jc 

h“(op",  l)  .  ^ 

C  0,  otherwise. 

(1)  =  0  for  all  odd  S. 

We  recall  that  E  Is  the  graded  ring  associated 
with  a  suitable  filtration  of  Baev'S' )  and  we  suppose 
that  this  filtration  Is  given  by  a  decreasing  sequence 
{  «  of  subgroups  H*(X/S' )„  of  H*(X/S* ); 

l.e.  CH*(X/S*)3  for  all  S,  H*(X/S*  )o  - 

H*(X/S')  and  H*(3;/S')  »  U*  H*(X/S»)..  Then  we  have 

BvQ  B 

(8)  .  h‘^‘(  Vs>  )/h''+‘(  Vs-  ),+i  _ 

where  rf'(X/S'),  -  h''(Vs')0  H*(VS’),-  Moreover,  In 
the  sequence 


H®{X/S’ ) 


where  and  are  the  edge  homomorphlsms,  we  have 

B  8 


(3)  Im  <p^  -  H®(VS')g» 

Ker  *  H®(VS’)i« 

We  now  claim  that 

(4)  E^’°— »  H*(VS’) 


is  an  isomorphism  for  all  S  «  2K,  0  $  k  <  n.  Clearly 
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^  Eg*®  — ^  H®(VS')  is  an  Isomorphism:  hence  (4) 

Is  trivial  If  n-O.  Consider  the  exact  sequence  of  lower 
terms  (cf.  (3)  of  2,5) 

0  — >  Eg*®  Eg*^  e|*°  ^  H^(X/S' ). 

Since  H^(X/S’)  ■  0,  this  reduces  to 

0  — >  Eg*^  ). 

By  (3),  we  have  Im  ^  ^  •  H^CX/sMg  and  Ker 
H^(VS')i.  But  H^(VS»)j/H^(X/S»)g  -  »  0  because 

Eg*^-  0  by  (1),  Hence  Im  ^2  ■  Ker  In  other  words* 

the  following  sequence 

(5) 

0  - >  e|*^  ^  H^(  VS'  )  ^  7^*^ 

Is  exact.  For  n  >  0,  we  have  H^(  VS‘ )  «  Z  by  6,1.  By 
5.5»  the  homomorphism  ^  2  Is  Just  v*:  H^(X/S' )  — ^ 

p 

H  (X)  which  Is  trivial  by  assumption.  Hence  (3)  reduces  to 


and  this  Implies  that  ^g;  e|*® - H2(X/S')i8  an 

Isomorphism.  Since 
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(6) 

■  H'CCP") 

and  ^1*”^  oTTg*  (see  3.5)  commutes  with  cup- 
product «  (4)  follows  from  the  ring  structures  of 
H*(CP**)  and  H*(VS*  )• 

Relation  (4)  Implies  that  none  of  the  terms 
8«2k,  0<  n  have  any  non-*ero  cobounding 
element  for  r  ^  2.  In  particular,  we  have 

(7)  dgi  ♦  eJ'® 

is  trivial  for  ril  s»2K,  1  (  K  4  n.  Moreover,  we  have 

E°^®  -  H®(VS' )/H®(X/S')i  by  (2)  and  Im  0  ^  -  H®(x/S' 

by  (5).  Hence  (4)  le.jiles  that  H®(3C/S»)b  *  H®(X/S *  )j-H®( VS) 

for  S«2K,  1  4  K  4  n.  In  other  words,  B*^®  »  0  for 

all  S  a  2K,  1  $  K  4  n.  Clearly  we  have  also  that 

E^®  a  0  for  all  odd  s  simply  because  H®(3(/S* )  aO 

when  s  is  odd,  Thus  we  have 

(8)  E^’®  a  0  for  all  1  <  8  $  2n, 

Now  we  prove  by  Induction  that 
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(9)  H®(X)  »  0  for  all  0  C  8  <"  2n+l. 

If  n»0,  (9)  Is  trivially  true.  So  we  assume  that  n  >  0. 
By  (4),  (^2  is  an  isomorphism;  hence  »  0  from  the 
exactness  of  (5);  itS. 

H'(X)  -  -  0. 

Suppose  that  it  has  been  proved  that  H^(X)  >  0  for 
alll<i<s.s$  2n.  Consider  the  differentials 


r* 


pO,S 


_r,s-r+l 
Er  * 


Clearly  d. 


0  if  r  >  s+1.  If  1  <  r  <  s+1,  we  have 


1^  8-r+l  <  a;  hence  •  H**(CP*^;H®’*’'‘'^(X))  »  0 

by  the  Induction  hypothesis.  Therefore  d^:  E^*®  —  > 

®“**‘’‘^  is  trivial  since  ,  0.  The  only  case 

left  for  consideration  is  E®^®  — ^  ®8+i**^* 

8  if  even,  E°^®  1-S  trivial  simply 

because  eJ'^^  «  0;  hsnos  “0.  If  8  is  v>dd, 

then  s+i  ^  2n  and  dg^^:  E°^J  — ^  ®8+l***  ^® 
according  to  (7).  It  follows  that  d^t  E°*®  — p  E^***^^ 


is  trivial  for  all  r  >  2,  Hence  Eg'® 
(8)  we  have 


E°'®  and  by 

o» 


h“(x) 


jO,S 


0, 


Next  we  shall  prove  that 
(10)  H^”'*'^(X)  =  Z. 


1  ^  o  ^ 

If  n=0,  then  (5)  reduces  to  0  — ►Eg  - ^  Eg  — >  0. 

Hence 


H2n+l(x)  ^  »  Eg*®  »  Z. 

Suppose  then  that  n  >  0.  Consider  the  differentials 

Ej.an+l  _+  ^.2n+2-r,  ,  #  g. 

It  Is  easily  seen  from  (9),  which  has  Just  been  proved, 
that  these  differentials  are  all  trivial  except  possibly 
when  r  »  2n+2.  Hence  we  have 


o,2n+l  „o,2n+l  .  pO,2n+l  „o,2n+l  - 

^2  “  ®^2n+2  ^2n+3  "  ° 

where  the  last  equation  holds  because  )  »  0, 

Similarly,  we  also  have 


p2n+2,o  „2n+2,0  _2n+2,0  p2n+2,0  ^ 

^2  '  ^n+2  ®2n+3  ’  *  0* 


But  by  definition 


<i2n+2 


d2n+2 


„2n+2,0  ^  p2n+2,0  /  _  ,  0,2n+l  2n+2,0x 

®2n+3  2n+2  /  ^'"'®2n+2  ^  ^n+2  '* 

It  follows  that  d2n+2*  ®2n+2^^  — ^  ^In+I''^ 

Isomorphism  and  hence 

„2n+l,  .  0  2n+l  p0,2n+l  ^  p2n+2,0  2n+2,0  ^  » 

H  (X)  =  Eg,  »  Eg^^g  »  ^2n+2  “2 


Up  to  this  stage,  the  argument  Is  quite  the  same  as 
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that  used  In  2.5.  To  determine  the  higher  dimensional 
groups,  we  have  of  course  no  special  cohomology  theory 
available  here.  Instead,  we  propose  to  prove  by  Induction 


that 


'll)  =  0  for  all  2  <  dlm^X-2n. 


Since  H*(CP^)  la  torsion  free,  we  can  write  Eg  ■ 
H*(CP^;H*(X) )  «  H*(CP^)  •H*(X).  We  have  Just  shown  that 


6  -  d  • 

^o  “  ®2n+2‘  ^2 


g2n+2,0  ^  Isomorphism 


(for  all  n  ^  0).  nils  Isomorphism  can  be  described  as 
follows;  Let  a  denote  the  generator  of  H^(CP^)  and 
1  denote  the  generator  of  H®(CP^)  as  well  as  that  of 
H°(X).  Consider  the  element  •  1  €  Eg”^*®,  regarded 
as  In  there  Is  an  element  b  e 

such  that  the  element  1  •  beEg'^”'*’^,  considered  as  In 
®2n+2^^*  has  the  property  that  clg^_|_g{l  •  b)  »  a”'*’^  •  1, 


and  6^  Is  completely  determined  by  9^(1  •  b) 


a"+l  •  1. 


Let  Z(E®'^)  =  Ker(E®''^  — ► 


Z(E®'^^  — >  ®^1  canonical  projection  and  J®'^; 

Z(E®'^)  — the  Inclusion.  We  agree  that  if  we  write 

E®'^  — ^  ®r+l'  ^®  assumed  that 

Z(E®'^)  =  E®'^.  Similarly,  If  we  write  J®'^;  E^J  — > 
then  it  is  tacitly  assumed  that  Z(E®“^'^'^^”^)  ■ 
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g8-r,t+r-l  gS^t  been  Identified  with  Z(E®*^). 
We  observe  that  from  (2)  and  6.1,  we  have  always 

>  0  whenever  s+t  >  2n.  All  these  will  be  used 
from  now  on  without  further  explanation. 

Prom  (1),  (9)«  and  (10),  It  Is  easily  verified 


that  we  have  the  following  diagram  when  n  >  0. 

.0,2n+2 
J2 

„0,2n+2  >  „0,2n+2  „0,2n+2  „0,2n+2  „0,2n+2 

*0  A  ~  *3  ■  ^n+3  “  ‘  ^ 


,2,2n+l  ^2 


2,2n+l 


"2n+4 


,2,2n+l 


«2.2n+l  ^2n+2  ^2.2n+l  „2.2n+l  ^ 

®2n+2  ^  ®2n+5 


d 


2n+2 


e: 


,2n44,0 


„2n44,0 

®2n+2 


In  this  diagram,  Kerdg  ■  Im  -  0,  Define  Ogt 


_2,2n+l 

^2 


^2 


2n+4,o 


by  e. 


*2n+2 


Then 


P  Pfi^l 

because  K«rd2n+2  “  ^  *^2^+2  “  KerOg 

P  Pn^l 

Kerjig*  «  Imdg.  In  other  words,  the  sequence 


^,2n+2  — 

Bp  ■ 


2n-»4,o 

®2 


2  1  4  o 

Is  exact.  When  n  »  0,  we  define  0g:  Eg*  — f  Eg*  simply 
as  Og  «  dg.  Then  It  Is  directly  verified  that  the  above 
sequence  Is  also  exact  for  n  >  0,  Now  let  us  calculate 
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e2(a  •  b).  We  first  observe  that  e|'®  -  ^^2* 

n-0,  this  la  trivial;  for  n  >  0,  this  follows  from  (4), 

2  0 

Hence  we  may  consider  the  element  aAlfr  E2*as 
In  Clearly  we  have  d2n+2^*^  §  1)  ■  0.  Hence 

©2(a  •  b)  -  o  (a  •  1)(1  •  b)  ) 

"  ^2n+2  (  (»  •  1)  ^  b)  ) 

-  d2„^(  (a  §  1)(1  •  b)  ) 

l)<i2n+2^^  • 

+  (<*2n+a  (»•!))(!•  to) 

iXa"-*-^  •  1) 

•  1 

•  b)  -  dgC  (a  0  1)(1  0  b)  ) 

1)  dgCl  0  b)  +  (dgCa  0  1)  )(1  0  b) 
l)(a  0  1) 

1 

If  n»0.  In  both  cases,  this  means  that  we  have  the 


(a  0 


»  (a  0 

If  n  ^  0  and 

©gCa  0  b)-  dgCa 

-  (a  0 


(a  0 


a^  0 


following  commutative  diagram 
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0 


_0,2n+2  «2,2n+l  -2n-f4,0 

JBig 


ra  •  1  T 


_0,2n+l 

Eg 


®c 


% 

•  1 

_2n+2,o 


where  H^(CP*^)  — ►  Is  the  multiplication 

by  a,  Since  is  an  isomorphism,  it  follows  that 

cl 

^2  is  an  isomorphism  and  hence,  by  the  exactness  of 
the  upper  row,  we  have 


H2n+2(x)  ,  g,  -  Oa 

Suppose  it  has  been  proved  that  »  0,  for 

all  2  ^  1  <  K,  K  ^  dlraj^X-2n.  We  consider  two  cases: 

Case  1.  K  is  even;  say  IC  >  2m.  itiere  are  again  three 
cases: 

(A)  1  <  m  <  n+1.  Itien  we  have  the  following  diagram 


^  Xm  *•  ■ 


O 


Etui  I  a««*i 


J  kn.» 


^  C 


Egmilvtel  ^ 

1m3 


w| 


Ea>mi 

0m 


O 


E 


an*  > 


p  In  ♦ain*l  jO 
^1. 
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In  this  diagram,  define  ^ -d 


.  .  „2m,2n+l  _ .  _2n+2m+2,0  v„  ^ 

“2  ^  ®2  ®m 


2m 


^orsA.9  .,-in,2n+l 
^  >i2m 


Then  Ker  5  «  Im  -  0  and  Kerd^j^  -  Ker 


'2m 

Im  S  because  Ker  d 


2n+2 


•  Im  Oi  Moreover, 


we  have 


%(»"  *  »)  -  “an+a  “ (•"  •  i)(i  •  »)  ) 

-  “an+a  (  •  *>>  > 

»  d?„..2(  •  b)  ) 

.  (a*"  •  l)d2„+2(l  •  t>)  +  "'(<*2n+2^*  Hi  •  b) 

-  (a™  9  •  1) 


•  1. 


It  follows  that  we  have  the  following  commutative  diagram 

e_ 

E^**"^* 

m 


Q _ ^  g0,2n+2m  S  ^  g2m,2n+l  ”m  g2n+2m+2,0 

r,"  •  i|-  j-  C  •  1 


„0,2n+l  ^o  ,  _2n+2,0 
*2  ^2 


where  the  upper  row  Is  exact.  Hence  9^  must  be  an 
Isomorphism  and  therefore  we  have 


H2n+K(x) 


E, 


0, 2n+2m 


0. 


and 
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(B)  n+1  <  m,  Then  we  have  the  following  diagram 


^  I 


E 


\y 


Ex-  ^  fea«, 


i  tz^r^ .  .  o 


o 


« 


In  this  diagram,  define  A ;  ^0,2n+2m  ^  g2m,2n+l 


2  ^  “2 

k,f  a  F2m,2n+1  j  j  n  — 2m,  2n+l 

"y  ^  ■  •’snis  °  '‘Sm  ®m‘  ®2 


,2n+2m+2,0 

"2 


l>y  &n,  =  ^2n+2* 


following  diagram 


,0,2n+2m  A,  _2m,2n+l  ®jr  2n+2m+2,0 
2  ^  ^  *^2 


m 


'a 


•  1 


y  *" 


_0,2n+l  d* 

Eg  - 


4  0  1 


2n+2,0 

Eg  » 


where  the  upper  row  Is  exact.  Hence  we  conclude  again 


that 
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H2n+K(x)  _  gO,2n+2ra  ^ 


(C)  n+1  =  m.  Then  we  have  the  following  diagram 


EC,**/**! 

».  * 


E 


.  0,4h*^ 
1 


iVv4»3  * 


r-  2n*.| 


pHw*.*.©  r 


E©,<»n*X 


E 


0,-4n»\ 


6»,***>*\ 

tm 


o 


In  this  diagram,  define  S  ;  ^  g2n+2,2n+l 


d  .  EO,4n+2 _ ^  2n+2,2n+l  .  .  p2n+2,2n+l 

°2n+2*  ®2n+2  ^  ^n+2  ®n+l‘  “2 

p4n44,0  .  .  .  -2n+2,2n+l  _ .  p4n44,o 

“2  d2^^.2-  — >  ®2n+2  *  *'® 


have  Im  $  c  Ker  and  Ker  8  »  Im  J 


0,4n+2 
2n+2 


0.  This 


time,  we  have  the  following  commutative  diagram 

0 

0  — ^  -5^  g|n+2.2n+l  ^ 


r^n+. 


•  1 


e. 


_0,2n+l  o 
®2 


l^Ta”'’'^  •  1 


i  Is  a  monomorphism  and 


where  In  the  upper  row. 
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Im  S  c  Ker  conunutatlvlty  Implies  that 


®n+l  an  Isomopphlsmi  hence  again  we  have  m 


E°''‘"+2.  0. 


Case  2,  K  Is  odd;  say  K  ■  2m+l.  Then  we  have 
the  following  diagram 


^IrvijXKa.  I 


P  iem  ,  1»a*l 
‘“iKel 


arvs  »^a. 


er 


meniei 


f0,an*ir<  «l 
%nt*l 


E«)hnain*l 
Aev.4-« 


EO>  Xr«*  hne> 
Xn»i*«i-n 


_«c  •>»«*♦*-*  V" 

j4»u*a,w.*  •' 


we  have  Ker  ’  I™  jiASilw*'  -  <>  »"<>  »  Osn+an+g  * 

’  4n^t2°-  «•“•  '•2n+8m+2  “ 

Isomorphism.  Define  <«/  ;  ^  g0,2n+2m+l 


Cj 


d 


-1 

2n+2m+2 


^  ,  2n+2m+2,0 
°h2n+2 


and  6 


m 


„2m,  2n+l 
^2 


„2n+2m+2,0  , _  ^  j  mi.  w  •  ^ 

Eg  by  Ojn  =  ^2n+2*  ’'®  ^  ^m  " 
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Im  -  Ker  ui ,  Clearly  is 

an  eplmorphlsm.  Hence 


2ra,2n+l 


g2n+2m+2,0  g0*2n+2m+l  _ 


Is  exact.  Moreover,  it  Is  easily  verified  that  the 
following  diagram 


_2m,2n+l  ®ni .  _2n+2m+2,0  „0,2n+2m+l _ .  . 

“2  r  “2  '  O 

r/  •  i|  f  C  •  1 

-0 , 2n+l  O^t.  _2n+2 , 0 

Eg  - ^  Eg 

Is  commutative.  Hence  Is  an  lsomo]*phlsm  and  we 
have  H^‘’’'^(X)  »  E0»2n+2m+l  ^ 

Finally  we  have 

H2n+K(x)  ,  Q  for  all  K  >  dlmjX-2n 


by  the  definition  of  dlm^X.  This  completes  the  proof 
of  6,5. 
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Section  7«  Lifting  of  an  action  In  a  principal  bundle 

(X,Y,S'ir) 

Given  a  connected  compact  Hausdorff  space  Y  and  a 
non-zero  element  «(  *  H*(Y}Zp),  we  have  described  In 
Section  3  how  a  cohomology  covering  space  X  with  respect 
to  d,  can  be  constructed  and  also  how  a  prescribed 
action  of  Zp  on  Y  can  be  lifted  to  an  action  of  /p 
on  X  In  such  a  way  that  It  commutes  with  the  deck 
Cransforaiatlon  on  X.  Tn  this  section  we  shall  treat 
the  corresponding  problem  when  Zp  Is  replaced  by  S'« 

This  can  be  formulated  as  follows.  Given  a  compact 

O 

Hausdorff  space  Y  and  an  element  a^  4  H  (Y),  does 

there  exist  a  principal  bundle  (X,Y,S*,v)  such  that 

*  2  2 

IT  ;  H  (Y)  — ►  H  (X)  maps  a»  Into  zero?  Moreover,  If 
a  prescribed  action  of  S'  Is  given  on  Y,  can  this 
action  be  lifted  to  an  action  of  S'  on  X  In  such  a  way 
that  each  g  •  S'  gives  a  bundle  automorphism  of  X?  The 
next  proposition  answers  the  first  part  of  the  question, 
7, It  Proposition,  Let  Y  be  a  compact  Hausdorff 
space  and  a^  an  element  of  H^(Y),  Then  there  exists 
a  principal  bundle  (X,Y,S’ ,ir)  with  compact  Hausdorff 
total  8pac<  X  su<»H  that  ir*;  H^(Y)  — ^  H^(X)  maps  a^ 


into  zero. 
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Proof.  We  can  represent  Y  as  the  Inverse  limit  of  an 

inverse  system  of  triangulable  spaces  [9; 

p.284],  i.e.  Y  «  ,  lim  /Y„,  where  each  Y  is  a 

<  ■  t  m  in  m 

finite  simplicial  complex.  Let  0  :  Y  — ^  Y  be 

m  m 

the  projection.  Then  we  have  a  system  0  *:  H^(Y  ) 

m  m ' 

— >  H^(Y)  of  homomorphisms  which  defines  a  homomorphism 
^  !  lim^  fH^(Ym)«  — ♦H^(Y)  from  the  direct 

limit  of  the  direct  system  {H^(YJn),  ^  }  into 

By  the  continuity  theorem,  we  know  ^  is  an  isomorphism. 
Hence  there  exists  an  index  m  and  an  element  a^  e  H^(Yb) 
such  that  ^m*(a„)  »  a^.  Consider  the  bundle 
(g2K+l^  CP**, S',  P)  (cf.  5.^)»  where  N  is  chosen  so  that 
2N+1  >  dim  Ym  (dim  means  the  dimension  of  the 
simplicial  complex  Y^).  Prom  the  homotopy  sequence 
of  this  bundle,  [15;  p.  152],  it  is  easily  seen  that 


v„(CP**) 


r  Oi  if  0  $  n  <  2 
<  Z;  if  n-2 
VO;  if  n  <  2  <.  2H+1 


N  11 

where  v^(CP  )  denotes  the  n-th  homotopy  group  of  CP". 

In  particular,  CP**  is  n-slmple  and  H”'’'^(Ym.v^(CP**)  )  »  0 

for  all  2  <  n  <  dim  Ym,  [15;  p.  152].  Hence  according 

to  the  obstruction  theory,  [15;  p.  192],  there  exists  a 
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M  ^ 

map  g;  — >  CP  such  that  g  (a)  *  a^^^^  where  a 

denoi'es  the  generator  of  H^(CP**),  Let  f:  Y  — >  CP^ 
be  defined  as  f  =  g  o  .  Then  we  have  f  (a)  -  a  * 

Let  (X,Y,S',ir)  be  the  principal  bundle  over  Y  Induced 
by  f;  that  is,  X  =  £(y*u)|  y  e  Y,  f(y)  «  p(u)} 

CYxS^**'*’^  and  v:  X  — >  Y  is  given  by  v(y,u)  ■  y.  Define 
n:  X  — ►  S  by  h(y,u)  -  u.  Then  we  have  the 

following  commutative  diagram 


w 


1  1: 

Y  — CP" 


which  in  turn  gives  the  following  commutative  diagram  for 
cohomology  groups 


H^(X)  <■  — 


T*  j 


T 


H^(Y) 


H^(CP*^) 


0 


Therefore 

ir*(a^)  »  V*  o  f*(a')  »  h*  o  p*(a)  »  h*(0)  -  0. 
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7.2  Let  (X,Y,S»,ir)  be  a  principal  bundle  where  the 
base  space  Y  Is  compact  Kausdorff.  We  may  regard  the 
structure  group  S*  as  a  transformation  group  acting  on 
X  freely  with  Y  as  the  orbit  space  and  ir:  X  — >  Y  as 
o.iv-  ''nnonlcal  projection.  Denote  this  action  by 
l.e.  S'xX  — ¥  X  Is  a  map  satisfying 

P(gl»0(g2»^)  )  •  ®1,®2  £  S',x  a  X, 

^(e«x)  s  X  for  all  x  a  X*  e  »  Identity  of  a. 
Suppose  we  have  an  action  S:  S'xY  — ►Y  of  S'  on  Y. 

Then  by  a  bundle  lifting  of  3,  we  mean  an  action  a: 

S'xX  X  of  S'  on  X  such  that 

(I)  IT  0  a(g,x)  »  ar(g,T(x))  for  all  g  e  S' ,  x  e  X, 

(II)  a(gj,  0(g2»x)  )  -  ^(gg,  a(gj,x)  ). 

In  other  words,  a  makes  w  an  equlvarlant  map  and  a 
commutes  with  the  action  S  of  the  structure  group.  We 
shall  now  study  the  question  of  the  existence  of  a 
bundle  lifting  for  a  given  action  a  of  S'  on 
the  base  space  Y.  lliis  question  has  been  studied  In 
(I9l  under  a  more  general  situation  by  T.E.  Stewart. 

The  following  lemma  is  a  slight  modification  of  his 
result  and  its  proof  Is  entirely  the  same  as  that 
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used  In  [19].  Hence  we  shall  only  sketch  Its  main  Idea* 

7.3.  Lemma.  Let  (X.Y.SSir),  and  g  be  the 
same  as  ^  7.2,  Then  there  exists  a  nelf^hborho  d  V  of 
the  identity  e  «  S*  wid  a  ■££  o'  t  VxX  — >  X  satisfying 

(1)  (1)  a'(gi,o'(g2.  x)  )  -  o'(gi82»x)  for 

gl<  g2*  giga  6  V,  x  6  X, 

(II)  o’(e,x)  ■  X  for  all  x  a  X, 

(III)  a'(gi,p(g2,x)  )  -  p(g2,o'(gj,x)  for  all 
gj  €  V,  g2  6  S’,  X  »  X, 

(Iv)  V  o  a’(gj,x)  »  S(gj^,T(x)  )  for  all  g-,  a  V,  x  a  X, 

proof.  Por  convenience,  denote  5(g,y)  by  g»y  for 
g  e  S'  and  y  a  Y.  Choose  a  neighborhood  U  of  e  homao- 
morphlc  to  the  unit  Interval.  The  Identity  map  a^t  X — »  X 
Is  clearly  a  bundle  map  and  the  restriction  of  3  on 
UxY  Is  a  homotopy  of  the  Induced  map  of  a^.  Since  Y 
Is  compact  Hausdorff,  we  can  apply  the  first  covering 
homotopy  theorem,  [18;  p,  50),  This  gives  a  map  a; 

UxX  — ^  X  satisfying  all  conditions  of  (1)  (with  V 
replaced  by  U)  except  possibly  (1).  Choose  V  homoo* 
morphlc  to  the  unit  Interval  such  that  V^cU  and  define 
the  error  function  (cf,  19)  fi  VXVXY  S'  by  the 
equatlc ' 

(2)  afg^gg.x)  «  f3(f(g^,g2,Tr(x)  ),  a(g^,a(g2,x)  )  ). 
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By  the  associative  law  of  the  nmltlplleatlon  In  S'« 
we  have 

(5)  f(gi*g2*  "  ®* 

Let  R  be  the  group  of  real  numbers  and  (p{  R  S'  be 

2ir^l 

the  exponential  map  defined  by  «p(t)  ■  e  ,  t  a  R,  The 

map  ?  Is  a  homotopy  of  the  map  9  e  f ^ :  VXY  — 

where  f^;  VXY  — >  R  Is  the  map  defined  by  f^(g,y)  -  0, 

Hence  we  can  apply  the  second  covering  homotopy  theorem, 

[18;  p.  5^1.  This  gives  a  map  fj  VXVXY  — ^  R  satisfying 

f(e,g,y)  -  0 

and  f  Is  unique  since  R  Is  the  universal  covering  group 
of  S'.  The  uniqueness  of  f  Implies  that  f  satisfies  the 
equation 

Let 

(5)  P(gl»g2*63)(y)  -  f(gi*^g2»82*^®3»®j’^'y)» 

By  (4),  we  have 

(6)  P(g2»«5»g4)(y)-P(gi»g5»g4)(y)+P(gi»g2»84)(y) 

*P(8^»82»8j)  (y )  *  0  , 
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Let  C(Y«R)  be  the  space  of  all  continuous  real  valued 
functions  on  Y  endowed  with  the  compact  open  topology;  or 
equivalently,  C(Y,R)  has  the  usual  norm  topology  since 
Y  Is  compact,  Then  P  can  be  regarded  it  a  continuous 
function  defined  on  some  neighborhood  of  the  diagonal 
of  S'xS'xS'  taking  values  In  C(Y,R)  and  satisfying  (6), 
Since  C(Y,R)  Is  a  metrlzable  absolute  retract,  [15,  p»  Sf'l, 
we  may  assume  that  P  Is  defined  on  all  of  S'xS'xS',  l,e, 

P:  S'xS'xS'  — >  C(Y.R)  Is  a  map.  Let  a“(S',C(Y,R)  ) 
be  the  sheaf  of  germs  of  continuous  Alexamler-Spanler 
n-cochalns  with  coefficients  In  C(Y,R),  Then 
A*(S',C(Y,R)  )  »  ®  resolution 

[12]  of  the  constant  sheaf  C(Y,R)  over  S'  (cf.  19). 

Since  H^(S',C(Y,R)  )  «  0,  there  exists  a  continuous 
function  Q:  S'xS'  — >  C(Y,R)  such  that 

(7)  P(gi»g2*85)  -  Q(g2»85)''®^8i»g5)+Q(gi»g2^ 

on  a  neighborhood  of  the  diagonal  of  S'xS'.  Define  Q* : 
S'xS'  — ^  C(Y,R)  by 

Q'(g2,82^^y^  “  X'^^®®l*®*2)^8*y)8g, 

where  the  Integral  Is  taken  with  respect  to  the  normalized 
Haar  measure  of  S'.  Then  we  have 


(8)  Q'(ggi»gg2)(g«y)  -  Q’(gi»g2)(y) 
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and  (7)  is  atlll  true  when  Q  Is  replaced  by  (X  •  Now 
define 


h(g,y)  -  Q»(e#g)(g.y). 

Since  Y  Is  compact,  h  Is  simultaneously  continuous  In 
both  variables,  [4;  Chap.  X,  p,  24],  By  (8),  (7)  and  (5)» 

It  Is  easily  verified  that 

(9)  f(gi#g2#y)  -  h(g2,y)4h(gjg2.y)-h(gjg2,y). 

Finally,  define  o' ;  VScX  t— >  X  by 

o'(g,x)  .  ^(f  o  h(g,x),  o(g,x)  ). 

Then  by  (9)  and  (2),  It  Is  directly  verified  that  o' 
satisfies  (1)  -  (Iv)  of  (1). 

7i4.  Proposition.  Let  (X,Y,S*»v)  be  a  principal 
bundle  and  a:  S'atY  — >  Y  an  action  of  S'  on  Y,  Assume 
that  Y  ^8  compact  Hausdorff  and  H'  (Y)  ■  0.  Then  there 
exists  a  bundle  lifting  o*  S'xX  >  X  fiT  a. 

Proof.  As  before,  we  let  S:  S'xX  — ^  X  denote  the 
action  of  the  structure  group  S'  on  X  and  a:  R-— >  S'  denote 
the  exponential  map.  We  shall  first  define  an  action  of 
R  on  X.  Let  H(X,X)  be  the  group  of  all  honeomorphlsma 
of  X  onto  Itself  endowed  with  the  compact  open  topology. 
Since  X  Is  clearly  compact  Hausdorff,  H  (X,X)  Is  a 
topological  group  [l8;  p.  20]  and  an  action  of  R  on  X  Is 
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equivalent  to  a  continuous  homomoz*phl8m  of  R  Into 
n  (X  «X).  By  7.3*  there  exists  a  neighborhood  V  of 
the  Identity  e  e  S*  and  a  map  a*:  VXX  — ^  X  satisfying 
(1)  of  7.3  .  We  may  assxime  that  V  Is  small  enough 
so  that  there  exists  a  neighborhood  W  of  o  •  R  such 
that  W  Is  mapped  homaomorphl rally  onto  V  by  q>.  Hence 
a*  may  be  considered  as  being  defined  on  W.  Moreover* 
equations  (1)  and  (11)  of  (1)  of  7.3  Imply  that  a'  Is 
a  local  homomorphism  of  R  Into  ^(X*X).  Since  R  Is 
simply  connected «  a*  can  be  extended  to  a  continuous 
homomorphism  of  R  Into  ‘H(X*X)*  [6;  p,  49],  in 
other  words*  we  have  a  map  a's  RxX  •— >  X  satisfying 

(1)  (1)  a'(tj,o*(t2»xl)  «  o’(tj+t2,x)  for  all 

t^  tg  e  R*  x  #  X* 

(11)  a'(o*x)  ■  X  for  all  x  e  X, 

(111)  V  o  a^t*x)  n  a(<p(t)*  t(x)  )  for  all  t  4  R*  x  «.  X* 
(iv)  a(t*  p((p(S)*X)  )  -  p(e(S)*o(t,X)  )  for  all 
t*  S  a  R*  X  4  X. 

For  every  y  e  Y  and  x  4  v''^(y)*  we  have  v  o  a'(0*x)  ■ 
y  a  To  a'  (1.x),  Hence  there  exists  a  unique  element 
g(y)  a  S'  such  that 


(2)  a'(0,X)  a  P(g(y),  a’(l»X)  ),  y  -  v(x  ), 
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It  is  easily  verified  that  y  — ^g(y)  defines  a  map 
g:  Y  — f  S'  which  satisfies 

(3)  g(a(<p(t),y)  )  -  g(y)  for  all  t  e  R,  y  «r  Y. 

Let  7r'(Y)  be  the  Brusehllnsky  group  [13;  p,  48]  of  Y. 

It  Is  known  [13;  p.  591  that  ir»(Y)  and  H'(Y)  are 
Isomorphic;  hence  ir'(Y)  «  0  by  our  hypothesis,  lliere- 
fore  g  Is  homotoplc  to  zero.  Since  Y  Is  compact «  by 
the  second  covering  homotopy  theorem  (cf.  7«3) 
there  exists  a  map  h:  Y  — >  R  such  that  g  -  (p  o  h« 

Define  a" ;  RxX  — ^  X  by 

(4)  a''(t,x)  =  6((p(th(ir(x)  )  ),  o'(t,x)  ). 

Ihen  it  Is  easily  verified  that  a"  satisfies  (11), 

(111)  and  (Iv)  of  (1),  To  verify  (1)  of  (1), 
we  let  y  >  ir(x),  and  obtain 

o”(t^,o''(t2,x)  )  -  a'(tT^,P(^(tgh(y)  ),  a’(t2,  x)  )  ) 

-  P(<p(tjh(5((p(t2),7)  )  ),  o’(tj, 

^(#2^(y)  )»  i*(t2,x)  )  )  ) 

-  P(v(tjh(y)  ),  P(f(t2h(y),  o'(tj,o'(t2,x)))) 

=*  6(q)(t^+t2)h(y)),a'(tj+t2,x)  ) 

-  a"(tj+t2,x), 

Moreover,  by  (2),  we  have 
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a''(o,x)  ■  p(9(oh(y)  ),  o»(o,x)  ■  a*(o,x)  and 
a"(l,x)  -  p((p(h(y)),  o'(l,x)  )  -  p(g(y),a»(l.x)  ) 

-  a*(o,x)  ■  a''(o,x). 

It  follows  that  at  S’xX  — >  X  given  by 
a((p(t),x)  -  o''(t,x) 

is  a  well-defined  action  of  S'  on  X  which  Is  a  bundle 
lifting  of  5. 


Section  8.  Actions  of  S'  on  cohomology  complex  projective 

spaces. 

We  now  turn  to  the  action  of  the  circle  group  on 
a  cohomology  complex  projective  space  Y.  As  In 
Section  4.  our  final  goal  will  be  the  detemlnatlon 
of  the  cohomology  structure  of  the  fixed  point  set.  The 
result  we  shall  obtain  here  Is  however  less  general 
than  that  given  In  Section  4.  in  the  sense  that  a 
stronger  hypothesis  will  be  Imposed.  In  fact,  we 
shall  assume  that  Y  Is  of  finite  cohomology  dimension 
and  that  the  action  has  finite  orbit  structure.  Whether 
these  unwelcome  conditions  can  be  removed  Is  unknown 
to  the  author. 

We  first  prove  a  proposition  that  will  be  used  In 
the  proof  of  the  main  theorem  and  which  Is  also 
Interesting  by  Itself: 

8.1.  Pi»opo8ltlon.  Let  S'  act  on  a  cohomology 
complex  projective  n-space  Y  such  that  dim^Y<  ae  . 

Then  the  fixed  point  set  P  ^  non-»empty  and  P  has  at 
most  n+1  components. 

Proof.  Consider  the  spectral  sequence  (E^)  of 
the  flbrlng  Yg,  — f  CP**  of  5.4  with  the  field  of 
rationale  Q  as  coefficient  group  and  whez*e  N  Is  so  chosen 
that  2N+1  >  dlm^Y.  We  have 


=  H^{CP**;H^(Y;Q)  ) 


63 


64 


and  the  E«,  -term  Is  associated  with  H  (Yg,;Q).  By 
the  universal  coefficient  theorem.  It  Is  clear  that 

H*(Yia)  -  ®'*V  (*->+1),  a,g  X  .  2, 

Where  ftfx  ]  Is  the  polynomial  ring  with  coefficients  In 
Q  and  (x  Is  the  Ideal  generated  by  x”'*’^.  It  follows 
that  we  have  e|*^  »  0  when  either  s  or  t  Is  odd.  If 
s  and  t  are  both  even,  we  have  d^:  E^*^  — >  ** 

Is  trivial  for  all  r  2  since  at  least  one  of  s+r  or 
t+l-r  Is  odd  for  any  r  >  2.  It  follows  that  the 
spectral  sequence  (Er)  Is  trivial  and  we  have 

dim  H*(ys,!Q)  -  .f/  dim  e!;;*'*  -  dim 

This  relation  detennlnes  H  (YgiJQ)  Immediately  as 

iO  If  K  Is  odd, 

m+1  If  K  -  2m,  0  <  m  4  n, 

n+1  If  K  -  2m,  n4  m  4  N, 

n-(m-N)+l  If  K  -  2m, 

N  4  m  ^  N+n, 

0  If  K  -  2m,  H+n  <  m. 

Suppose  that  P  »  Consider  the  map  Vj^; 

Y-,  - >Y/S»  of  5.4,  For  each  Z  »  v(y)  6  Y/S' ,  where 

O 

ir:  Y  — >  Y/S'  Is  the  canonical  projection,  we  have 

=  S^^'^Vs'y.  where  S'y  Is  the  Isotropic  subgroup 
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at  y  «  y.  Since  F>-^«  S'ylsa  finite  group  and  It 
18  known  that  H^(S^^'’‘Vs'yj  Q)  =  0  for  all  1  ^  K  ^  2H, 

(cf,  Ij  p.  5^).  Hence  by  the  Vletorls  mapping  theorem, 
ir^*;  h‘'(Y/SSQ)  — >H^(Yg,je)lB  an  Isomorphism  for  all 
0  <  K  <  2N.  In  particular,  take  K  even  such  that 
dlm^Y<  K 2N,  llien  by  (1)  we  have  I^(Y/S'jQ)  /  0. 

On  the  other  hand,  by  5.2  and  5r3,  we  have  dlm^Y/S'^ 
dlm^Y/S*  ^  dlm^Y.  This  gives  a  contradiction. 

Since  dlm^Y  <  ^  ,  by  5.6  we  have  Ig,*:  H*^(Yg,;Q) 

— >H*'(Pg,;  Q)  -  H*^"^(CP”)  •  H^(P,Q)  Is  an 

Isomorphism  for  all  <  K  <  2N.  Take  K  ■  2m  such 

that  dlm^Y  <  K  ^  2N.  Then  by  (1)  we  obtain  dim  H°(PjQ)4 
n-fl,  which  proves  our  assertion. 

Now  we  present  the  main  theorem  of  Part  2  of  this 
paper, 

8.2.  Theorem.  Let  S'  act  on  a  cohomology  complex 
projective  n-space  Y.  Suppose  that  dlm^Y  <  ••  and  that 
the  orbit  structure  Is  finite.  Then  the  fixed  point 
set  P  non-empty  and  P  has  at  most  n+1  components 
C^,.  .  k*  n+1,  where  each  i®  a  cohomoloipr 

complex  projective  n^^-space  for  some  n^^ ,  1  »  1,2,..., 

K,  and 

^1=1  "l  “ 

Proof.  We  have  already  proved  In  8,1  that  P  / 
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and  that  F  has  at  moat  n+l  component s«  Let 
C^(K  ^  n+1)  be  the  components  on  P.  It  remains  to 
show  that  each  is  a  cohomology  complex  projective 
n^^-space  for  some  n^  and  equation  (1)  holds. 

Let  a^  6  H^(Y)  be  a  generator  of  H^(Y).  By 
7.1  and  6.1,  there  exists  a  principal  bundle  (X,Y,S,’ ,“»■) 
with  Y  as  base  space  such  that  v*:  H^(Y)  — >  H^(X) 

is  trivial.  Let  B:  S’xX  — >  X  denote  the  action  of 
the  structure  group  S'  on  X«  Then  the  action  B  is  free. 
Since  X  is  obviously  compact  Hausdorff,  by  6.3  we 
know  that  X  is  an  integral  cohomology  (2n+l )- sphere. 

Let  5:  S'xY  — Y  denote  the  given  action  of  S'  on  Y, 
Since  H'(Y)  «  0,  a  has  a  bundle  lifting  a  according  to 
7 A,  Since  a  commutes  with  B»  the  map  Y:  (S'x3')xX 
— >  X  given  by 

Y((gi»g2)»  3c)  =  a(gj,B(g2»3cl),  gj,g2  «  S',  X  •  X 

defines  an  action  of  S'xS'  on  X.  Clearly,  Y  has  no 
fixed  point. 

We  claim  that  the  action  Y  has  finite  orbit  struct 
ture.  Take  any  x  e  X  and  let  y  »  vfx  j.  Suppose  that 
(gl»g2)  ^  S'xS*.  Then  we  have  v  o  Y(  (gj,g2)»x)  • 

TT  o  a(gj,B(g2.x))  =  a(gj,y)  »  y.  Hence  g^  «  Gy,  where 
c  S'  la  the  isotropic  subgroup  at  y  under  the  action 
Q,  We  consider  two  cases: 
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/  S'.  Th«n  l8  a  finite  cyllo  group, 
say  of  order  K.  Let  be  a  generator  of  aty.i  We  have 
gj  -  for  some  0  ^  K.  Since  SCg^^y)  -  y, 

there  exists  a  unique  g^*  a  S'  such  that  3(8^'* 

fC 

a(gQ>x))  ■  y  Prom  this  *»<,  t.'  «  e.  Hence  there 

exists  some  0  $  m^  <  K  such  that  g*  ■  g  Now 

O  0  o 

X  -  a(gi*3(g2*3')  )  -  a(g^  *  ^(gg/X)  )  -  - 

PCggg©”  “^"o^x).  Hence  gg  •  80“^"®  ®®  every  element 
of  is  of  the  form  (g^i  ,  g^*®)  for  some  04^  £  <  K. 
Clearly  every  element  of  this  form  Is  also  in  0^.  Thus 


Case  1 .  Oy 


we  have  shown  that  ^  ^y  ^  ^  subgroup 

of  C^.  As  there  are  only  a  finite  number  of  of  finite  order 

and  of  them  they  have  only  a  finite  nuaber  of  sidNiroupa, 


the  niimber  of  0^  which  are  of  the  form  OyXNy  with  Oy  of 
finite  order  are  finite. 


Case  2.  0  »  S',  l,e,  y  ^  P.  Por  each  g  e  SS  there 
exists  a  unique  g  «  S'  such  that  P(g,a(g,x))  -  X.  It  Is 
easily  seen  that  the  correspondence  g  ^  'g  Is  a  continuous 
homomorphism  of  S'  Into  S',  l.e.  an  element  of  the  dual 
group  S'  »  Z  of  S',  Hence  It  must  be  of  the  form  g  — ^  y, 
where  Ky  Is  an  Integer  depending  only  on  y  «  v(X).  The 
set  {(g,g*^y)|g  fe  S^  Is  a  subgroup  H(Ky)  of  S'xS'  and  one 
can  see  that  G  Is  actually  equal  to  It.  The  correspondence 

A 

y  — >  Ky  defines  a  function  K:  P  — Z.  Using  the 
continuity  of  T  It  Is  readily  verified  that  K  Is 


continuous  on  F.  It  must  then  be  constant  on  each 
component  of  P,  Hence  we  can  define  ■  H(Ky), 
y  1  -  Each  which  Is  not  of  the 

form  given  In  case  1  must  be  one  of  the  Hence 
again  there  Is  only  a  finite  nvunber  of  0  of  this  kind. 

Now  each  H^  Is  a  circle  group  and  the  restriction 
of  /  on  X  X  defines  an  action  of  Hj^  on  X  which 
obviously  has  finite  orbit  structure.  Moreover,  we  have 
dlm^X  <  #o  by  6.5,  Hence  by  5t7»  the  fixed  point  set 
F(Hj^;X)  a  c  X  Is  an  Integral  cohomology  m^-sphere 
for  some  odd  m^.  say  m^  >i2n£-fl,  It  Is  easily  verified 
that  m  Tr”^(Cj^)  and  that  ji:  S'xP^^  — defines 
a  free  action  of  S*  on  P^^.  By  5 •  2,  we  have  dlra^Fj^^ 
dlm^X  <  ••  .  Hence  by  6.2.  Is  a  cohomology  complex 
projective  n^^-space. 

We  remark  that  S'xS*  may  contain  subgroups  N  Isomor¬ 
phic  to  S'  other  than  these  H^'*.  but  none  of  them  can 
have  a  fixed  point.  In  fact,  if  x  *  P(N;X).  we  have 
0^  a  N  so  that  N  would  be  one  of  the  Hj^.  We  now  apply 
the  theorem  of  Borel  given  In  5»9.  Since  we  know  dlm^X 
<  ••  ,  Y  has  finite  orbit  structure  and  each  Pj^  Is  a 
cohomology  ( 2n^+]^ sphere  over  Q,  By  the  remark  Just  made 
and  the  fact  that  Y  has  no  fixed  point,  this  would  give 
(2n+l)  -  (-1)  .  l(2Vl)  -  (-1)1 

Which  reduces  exactly  to  (1), 


